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1. Review of noncommutative tori



Basic definitions

Fix N> 2and 6 ¢ A°RV,

The C*-algebraic noncommutative N-torus 2g is the universal C*-algebra with unitary
generators {Um : m € Z*N} and relations

Um *g Un = exp(—ni(m AN, 8))Um+n.

If N =2, then g ~ C(S") xr Z, where R is rotation by 2n(e' A €2, 8) radians.

The canonical TN-action a and TN-invariant faithful trace T on g are defined by

at(Um) = exp(2ni(m, t))Um, T(Um) = 80,m-
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C*-algebraic properties

The C*-algebra g is simple iff the alternating bicharacter og : Z*N x Z*N — T given by
og(m,n) = (m AN, 6) mod Z
is nondegenerate, in which case we call 8 completely irrational.

If N = 2, then 8 is completely irrational iff (¢! A e2,0) ¢ Q.

Theorem (Blackadar-Kumjian-Rerdam; Elliott-Evans, Q. Lin, Boca, Kishimoto, Phillips)

If 8 is completely irrational, then g is a simple unital AT-algebra of real rank 0 and
stable rank 1, whence it is classifiable by its scaled ordered K-theory

(Ko(Ag), Ko(Ag) ™, [Ag], K1(Ag))-
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Elementary differential topology

The smooth noncommutative N-torus is the local C*-algebra
Ag ={aeUp:(t— aya)) e C°(TN,2Ap)}.
The canonical x-differential calculus on Ag is (g, d), where

Qg =Ag @ ANC, d(Um ® @) = Um ® 2nim A w.

Theorem (Connes, cf. Pimsner)
We have an explicit Chern character Ch : Ko(Ag) — A/°44€*N given by

Z Koy id)(p %0 (dp)e@9),

ki 1 ol . o
Ch([u]):§(2k+1)!(2ni)k+1 (T®|d)((u xg du) % (du* xg du) k).
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K-theory via differential topology

Theorem (Connes, cf. Bost)

The inclusion map Ag — g induces a strong isomorphism in K-theory.

Theorem (Elliott)
There is a unique isomorphism i : Ko(2g) — AY/°94Z*N sych that

(u(c), X1 A--- AXp) = (Ch(c),e @ AXy A AXp),
whence u([2g]) = 1 and rk; = (u(-), €).

Theorem (Rieffel)

If 8 is completely irrational, then 20y has cancellation and
H(Ko(Ae)™) = {B € AZ™ : (B, e%) > 0} U{0}.
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2. Classification of symmetries



Homeomorphisms

Forall 61,6, € ARV, set

®1(61,602) = {y € GL¥(AZN) 1 y(1) =1, y(eP') = &%}.

IfN=2and (' Ae?,0) ¢ Q, then &1(8,0) = GL(2,Z) viay — y|z.
Theorem (Phillips)
If 81 and 8, are completely irrational, then 2g, ~ g, iff &1(81,67) is nonempty.

Theorem (Elliott, cf. Elliott-Rordam)
If 8 is completely irrational, then we have the group extension

1 - Inn(Ag) — Aut(Ag) X &1(6,6) — 1,
where M(qp)™T = poKe() o ™.
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Diffeomorphisms

Given 64,6, € A°RN, set
G1(61,62) = {g € GL(N,Z) : B, — N g(61) € N Z'}.

IfN=2and (' Ae?,B) ¢ Q,then G1(0,0) =SL(2,Z) < GL(2,Z) ~ &4(8, 0).
Theorem (Cuntz-Elliott-Goodman-Jgrgensen)

If 81 and 8, are completely irrational and Diophantine, then Ag, ~ Ag, iff G1(81,603) is
nonempty.

Theorem (Elliott)
IfN =2 and (e' A e?,0) is Diophantine-irrational, then

Aut(Ag) ~ (PU(Ag)1 x T?) x SL(2;2),

T2
expr2((e! A e?,0) - Z2)

Out(Ag) ~ x SL(2; Z).
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What is a noncommutative diffeomorphism?

We take a noncommutative manifold to be (B; Qg,d), where:

1. Bis a unital pre-C*-algebra; and

2. (Q,d) is a x-differential calculus on B.

Considerations of U(1) gauge theory in [C. 2024] motivate

DAut(B) = {(B,p) € QL x Aut(Q): d —podogp! =i[B,]},
DOut(B) := DAut(B)/{(—idu - u*,Ady) : u € U(B)}.

We view DAut(B) as the automorphism group of (B; g, dg) in a suitable category of
noncommutative manifolds and ‘extended diffeomorphisms.’
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Diffeomorphisms redux

Theorem (Cuntz-Elliott-Goodman-Jgrgensen + <)

If 61 and 6, are completely irrational, then (Ag,; Qq,,d) =~ (Ag,; Rg,,d) iff G1(61,0,) is
nonempty.

Theorem (C€.-Venkata Karthik)

If 8 is nondegenerate, then we have group extensions

1= RN x (PU(Ag)° x TV) — DAut(Ag) > G1(6,6) — 1,

R*N D RN D
1— — DOut(Ag) — G41(6,8) — 1,
exbsouum (O)(ZN & ZV) (o) = G1(6,6)

where PU(Ag)? := {[u] € PU(Ap) : p([ul)1y = 0}
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3. Classification of line bundles



Line bundles over noncommutative spaces

Strong Morita self-equivalences of a unital C*-algebra B yield a group Pic(8) satisfying

{[€¢] € Pic(B) : € ~ B as right Hilbert B-modules} ~ Out(B).

In [C. 2024], Hermitian line bimodules with Hermitian bimodule connection over a
noncommutative manifold (B; @, d) yield a group DPic(B) satisfying

{[E, V] € DPic(B) : E ~ Bas right pre-Hilbert B-modules} ~ DOut(B).

If 8 is completely irrational, then DPic(Ag) is the automorphism group of (Ag; Qg,d) in
the category of complete Morita equivalences a la Schwarz (up to unitary equivalence).
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Topological line bundles

Forall 61,6, € ARV, set

®(61,0,) = {g € GL*(AZV) : y(e?') € Ry - €97}

IfN =2, then &(04,0,) # 0 iff (' Ae?,0,) = % forsome (25) € GL(2,2).

Theorem (Phillips)
If 61 and 6, are completely irrational, then g, and g, are strongly Morita equivalent
iff (01, 0,) is nonempty.

Theorem (Phillips + <)

If 8 is completely irrational, then we have the group extension
1 — Tnn(2g)/ Inn(Ag) — Pic(Ag) X &(6,6) — 1,

where M([E])"u(c) = p(e @, [E]).
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Line bundles with connection

Forall 61,6, € ARV, set

G(61,8,) = {x € Spin(N,N) : p(x) AZN = AZN, p(x)e® € R.q - %7},

If N =2, then G(64,0,) # 0iff 6(04,0,) # 0.
Theorem (Schwarz, Rieffel-Schwarz, Li)

Noncommutative N-tori Ag, and Ag, are completely Morita equivalent iff G(61, 65) is
nonempty.

Theorem (C.)
If 8 is completely irrational, then we have the group extension
R*N D RN

— DPic(Ag) — G(6,8) — 1.
expsom (O)Z & ZV) (4e) = G(6.6)

1 —
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Topological line bundles via K-theoretic rank

The rank function rk; : Ko(2g) — Riis injective iff (-, ) : A*YQ*N — Ris injective, in
which case we call 8 totally irrational.

If 8 is totally irrational, given a subring R of Q, let
Ag[R] == {r e (\YRN &8y . . (NVR™N &9) C (A RN )]

Proposition (Iglesias-Lachaud)

If 8 is totally irrational, then Kg := Ag[Q] is a real number field satisfying [Kg : Q] | 2N~
and Og = Ag[Z] is an order in Kg.

Theorem (Nawata-Watatani)
If 8 is totally irrational, then we have the group extension

1 — Out(2g) — Pic(Ag) X OF NRog — 1.
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Differentiable vs topological line bundles when N > 3

Theorem (C.)
If N > 3, 6 is totally irrational, and [Kg : Q] = 2N=1, then

1 — DOut(Ag) — DPic(Ag) =5 {r € OX NRxg : Niyjalr) = 1}
is an exact sequence that is short-exact when N = 3.

Example

Set N = 3 and choose totally irrational 8 such that Kg = Q(v/5,v/13) and Og is its ring
of integers, e.g.,

6 = —1+2‘/§e1 Nepr+ —H’}/ﬁm Nes3+ —H—\@—Hiﬁ'l—mez N es.
The unit w € Oy NRyg of norm —1 lifts to Pic(RAg) but not to DPic(Ag).
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Line bundles with connection when N = 2

Suppose that N = 2 and (e' A e?,68) ¢ Q, whence 0 is totally irrational.

1. If (' A e?,8) is quadratic, then Kg = Q((e' Ae?,8)) and OF NR.g ~ Z.
2. Else, Kg =Qand Og = Z, whence O NRo = 1.

Theorem (C.)

1. We have the group extension
1 — DOut(Ag) — DPic(Ag) X% OF NRwg — 1.

2. If (e' A e?,8) is quadratic and r € Op NR-o \ {1}, then the ‘real multiplication
instanton’ corresponding to the ‘basic Heisenberg module’ [E, V] € DPic(Ag) of
rank r behaves like the g-monopole forq =r.
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Behaving like the g-monopole

1. The datum (E, V) corresponds to an essentially unique horizontally differentiable
quantum principal U(1)-bundle (P; Qp hor, dp hor) Over (Ag; Qg,d).

2. Since (E, V) has vertical deformation parameter g2, (P; Qp hors dp por) ONly
completes to an essentially unique g?-differentiable quantum principal
U(1)-bundle with connection (P; Qp, dp; ) over (Ag; Qg, d).

3. The canonical spectral triple for (Ag; Qg, d) lifts to an essentially unique faithful
projectable commutator representation of (P; Qp, dp; ) with unique vertical twist
(yielding powers of g?) and horizontal twist (yielding powers of g).

4. This canonically induces a U(1)-invariant Lipschitz seminorm a la Kaad-Kyed for
P:=Ag leg Z witht = g°.
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We shall not cease from exploration
And the end of all our exploring

Will be to arrive where we started
And know the place for the first time.

—T. S. Eliot, “Little Gidding”
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