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Shameless self-promotion

B. C, Classical gauge theory on quantum principal bundles,
arxiv:2168.13789

B. C. and B. Mesland, Gauge theory on noncommutative
Riemannian principal bundles, Commun. Math. Phys.,
arxXiv:1912.04179

Today, restrict to quantum principal U, (1)-bundles over
2-dimensional NC bases and reformulate definitions to favour
transparency over economy out of pure expositional laziness.

We can do everything for structure group H any Hopf
x-algebra with any bicovariant x-Fobc and any base while
truncating all *-DGA at degree 2.



The case study



Irrational noncommutative 2-tori

Llet® e R\ Q.

The smooth NC 2-torus Ag is the unital x-algebra of rapidly
decaying Laurent series in unitaries Ug, Vg, such that

Volg = ezmeUQVQ.

Ag Is dense and stable under the holomorphic functional
calculus in its C*-completion Ag, so that

Ko(Ag) = Ko(Ag) = Z + Z6.

Define commuting x-derivations 67,0, : Ag — Ag by

Si(U) =27l, &(V) =0, &(U) =0, &(V):=2nV.



Heisenberg modules

Let g € SL(2,Z) \ {£1}, let £(g,0) = 8(R) ® Cg,, with
(F+ Uo)(x, k) = exp (27 (x — 225 ) f(x, k),
(F- Vo) (x k) = f(x — 22892 k1),
Theorem (Connes '80)

1. €(g,0) is FGP, represents |g210 + gxn| € Z + 0Z = Ko(Ayp).
2. 0g,01,0g,02: €(g,0) = &(g,0) defined by
dg0af(x, k) == —if' (x,k), 0g02f(x,k) = 2”9709%922"1?(7" k)

satisfy ag'e;i(f -b) = agle;i(f) b+ 51([)) fori=1,2 and

— 9921 ;
[59,9;1, ag,e;ﬂ = —27 9210+92 |d£(g,6) o



Heisenberg bimodules

Let g >0 := 91992 endow &(g,H) with

9210+92
(Ugso - F)x, k) = exp (2 (grggm — 25 ) ) F(x, ),
(Vaso - )(x,J) = f(x = g5 k— gn).

Theorem (Connes '80; Rieffel '81, '83, '88)
€(g,0) is an (Agpe, Ae)-equivalence bimodule.

If g>6 =0, so that 0 is quadratic, then £(g, 0) is a non-trivial
NC line bundle on Ag.

What is the underlying NC U(1)-gauge theory?



Real quadratic irrationalities

Let 8 € R\ Q be quadratic with discriminant A, i.e.,

_ b++vb2—tac

A=1b>—14
5 ac

0
for unique (a,b,¢) € Zo x Z? with b? — 4ac non-square.
Let (u,v) € N? be the fundamental solution of x> —y?A =4, i.e,
V(s,t) eN?, (s2—tPPA=4) = ((s=u)A(t=V);
the norm-positive fundamental unit of Q[0] = Q[A] is

_ut+wA

> € (QIINQ) N (1, 00).



Line bundles on real multiplication NC tori

Folklore around Pell’s equation

Have ¢ : {g € SL(2,Z) : g>0 = 0} = (q) x {£1} < Q[6]%, where

d(g) = 9210 + gno.

Get a canonical family of NC line bundles {Pn}nez On Ag, where

Ao, ifn=0,
Pn:{ 0

Make P := @, ¢z Pn into an NC principal U(1)-bundle.



The unital C-algebra

Step 1(Schwarz '98, Dieng-Schwarz '02, Polishchuk-Schwarz '03)
Make P into a unital algebra, such that for all m,n € Z

multiplication : Py ® 44 Pn = Pmin.

Forn € Z, let ( 3;) =" '(qM).
Case 1: ifm =0 orn =0, use the Ag-bimodule structure.

Case 2: if m# 0 and n=—m, for f € P;;, and g € Py, set

f-g:= Z ujevg Z J (ve—kugj ) (g~ ™x, 0)g(x,—aml)dx.
i k€EZ ez, °R

Case3:ifm#0,n#0 m+n#0,forfe Py, and g € Py, set

(00100 = e (0 (28 ) ke~ s (525~ ) )



The U(1)-+-algebra

Step 2 (Polishchuk "oz, Vlasenko '06)
Make P into a unital x-algebra, such that for all m € Z,

*(Pm) = P_m.

Case 1: if m = 0, use the *-structure on Ag.
Case 2: if m # 0, for f € Py, set *(x, k) == f(q™x, —amKk).
Step 3

Make P a U(1)-*-algebra with spectral subspaces {Pn tnez.

For n € Z, define the U(1)-action on P, by o, (p) == z"p.



The principal U(1)-*-algebra

Mathematical bricolage
P is a non-trivial principal U(1)-x-algebra.

Proof.
P is principal since Py, - P, = Piyn forall m,n € Z.

P is non-trivial (i.e., not a crossed product by Z) since,

[(P)a,] = [E(d1(q),0)4,] = q# 1= [(Ap) 4,

in the ordered Abelian group Ko(Ag) = Z + Z6. O

Are Connes’s constant curvature connections on the P,
induced by a single NC principal connection on P?



Horizontal calculi




The basic calculus

Let B := ©OMUMIp = py = A,.

Let Qp be the graded *-algebra generated over B = Q% by
super-central skew-adjoint dt',dt? € Q}.

Define dB :Qp — Qp by dB(d’H) = dB(dTZ) =0 and
dg(b) == i51(b) dt' +id,(b) d?.

Then (Qpg,dg) is a x-differential calculus on B = Ag.

Lift (Qg,dg) to a U(1)-equivariant *-DGA (Qp hor, dp nor) ON P,
such that, forn # 0,

dP'hor‘Pn = iad)q(qn)ygﬂ(') d’f1 aF ia¢—1(qn)’e;2(') dTZ.
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Horizontal calculi

Definition (cf. Purdevic '98)
A horizontal calculus on P consists of

1. a graded U(1)-x-algebra Qp o, Over P = Q9,

2. an extension of B = P to t: Qg <= Qppor,
such that Qp por = P+ L(Qg) - P and (Qp por)V " = 1(Qp).

Lemma (Beggs—Majid '21)
Given that Qp por =P - (Qg) - P,

((Qp "™ =1(QB)) += (Qbpor =P+ LOQ})).
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Gauge potentials

Let (Qp por, ) be a horizontal calculus; identify Qg with ((Qg).

Definition (cf. Durdevic '98)
A prolongable gauge potential on P with respect to Qp o IS
a U(1)-equivariant x-derivation V on Qp 1,4, such that

V|B = dB.
We denote by 20tP" the set of all prolongable gauge potentials.

Since g(Q}) is free with basis {dt', d?}, so too is p(Q},’hor).

Hence, each V € 2At"" is determined by the unique
U(1)-equivariant maps D4, D; : P — P, such that

Vp €P, V(p)=iDi(p)dt' +iD,(p)d’.

12



Horizontal partial derivatives

Fori=1,2, define 9y : P — P by 9ilg == 8; and, forn # 0,
Oilp, = 0g-1(qm) ;i

Given € € R*, define o¢ : P — P by Ge\Pn = e "idp,, so that

oc IS a U(1)-equivariant automorphism with

Oclg =idp, (0co%)’ =id, 0c001 =0100¢, 0c0d; = dy00.

Proposition (Polishchuk-Schwarz '03)

The U(1)-equivariant maps 04,0, : P — P satisfy, fori =1, 2,

0i(p1 - p2) = 0i(p1) - 0g(p2) +p1- i(p2),
9i(p*) = —0oq(di(p)*).
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The horizontal calculus and horizontal covariant derivative

Let Qp por be the graded U(1)-x-algebra generated over

P=0Y, . by skew-adjoint dt',d7? € (Q}, )™ with:

YpeP, dt -p=oq(p)-dT, de - p = oq(p) - dt?;
(dt")? = (d7?)? = [d,dT?] = 0.

Then Qp hor is a horizontal calculus for P with respect to Qg.

Proposition
There exists unique Vo € AtP", such that

Vp e P, Volp) =id(p) - dt' +id,(p) - d°.
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Relative gauge potentials

Definition (cf. Burdevic '98)
A prolongable relative gauge potential on P with respect to
Qp or Is a U(1)-equivariant x-derivation A on Qp por, St

We denote by atP" the set of all prolongable gauge potentials.

Thus, 20t is an R-affine space with space of translations at.
Proposition

We have an isomorphism g : R? = atPr given by

Vai(s1,82) = [isrdt’ +isodT?, ] .

15



Gauge transformations

Definition
A prolongable gauge transformation of P with respect to
Qp por 1S @ U(1)-equivariant x-automorphism f of Qp por, Sit.

flo, =1day -
&P is the group of all prolongable gauge transformations.

Proposition

We have an isomorphism Pger : U(1) = ®Pr given by

ll)at @ Z QP hor

nez



The gauge action

Proposition
The group &P acts R-affinely on 2At°" by

foV=foVof

Corollary
In this case, &P" acts trivially on AtP".

Typically (e.g, P = C®(M) x4 Z or P = C*®(S})), the group
&P acts on AtP" via a non-trivial homomorphism &P" — atP'.



Total calculi




Preliminaries

Let k € (0, 00).

Forn € Z, let ] =n if k =1, otherwise [n] == £ .
Let A = Cldt]/((dt)?) with dt skew-adjoint.
Given a graded U(1)-x-algebra Q, let
A Q=Ae®Q/(det® w— ()%l (w) @ det: w € Q)
with d.t defined to be U(1)-invariant.

Definition (cf. Purdevic '97)
The vertical calculus of P w.rt. U (1) is the U(1)-equivariant
*_DGA (QP'\/er;K, dP’\/er;K), Where QP,VEF;K = /\K X P aﬂd

Yne€Z Vp € Pn, dpyerk(p) = dkt - 2mi[n]cp.



Quantum principal U.(1)-bundles

Definition (cf. Brzezinski-Majid '93, Burdevi¢ '97, Beggs-Majid '21)
A U(1)-equivariant x-DGA (Qp,dp) on P is k-principal over
(QB,CIB) Iﬂ:QB — (QP)U(” and dP|QB = dg, and

1. we can define surjective ver[dp] : Qp — Qpyer« by
verg[dpllp =idp, verc[dp] o dPlp = dpyer,

and kerver[dp] = Qp - QF;
2. we can define intc[dp] : Qp — A x Qp by

intc[dpllp = idp, intK[dPHQWP = idg; + VerK[dP]|Q1Pr

and ker(id —intc[dp]) = P - Qg is a horizontal calculus.
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Synthesis of total calculi

We have 2-dim’l (Qg, dg) on B and compatible Qp o, 0N P.

Definition
We say that V € t”" is k-adapted whenever there exists
FIV]: Q] — Q2. the curvature 2-form of V, such that

Pver;k P,hor?
V2|P = iF[V] o dP,ver;:<|p-
Let 2t2" denote the quadric subset of all k-adapted V € 2AtP".

Theorem
We have 22" £ ) iff K = g2, in which case Q[tzrz — AP and

VYV € AP = Qltzrz, FIVI(dget) = —igeidt! AdT

20



Synthesis of total calculi

Proposition (cf. Burdevic "10)
Let V € At"". Then V is k-adapted iff the map

P— Obyer. © Q-P hor P dpyver(p) + V(p)
extends to a U(1)-equvariant x-derivation dp v.« 0n
Qp @ = A X Qphor,
such that (Qp g.«, dp,v:«) IS an k-principal *-DGA on P with

Ver[dP,V;K”QL@ = PrOng

Pver;k

Consequence

We must view P as a quantum principal Ug(1)-bundle!
21



Prolongable connections

Definition (cf. Brzezinski-Majid '93, Hajac '96, Durdevic '97)
Let (Qp,dp) be an k-principal *-DGA for P over (Qg,dg). A
prolongable connection on (Qp,dp) is a U(1)-equivariant
endomorphism TT of p(Q})p, such that:

1. idp extends via TT to veryr : Qp — Qp, such that
(vern)? = very, kervery = kerver[dpl;
2. idp extends via idQL —TITto horrp : Qp — Qp, such that

(horrr)? = horyy, ranhorp = kerintc[dp].

Example
Given V € 2t*", we have TTg == Projo1  on (Qp g, dpvic)-

P,ver;k
22



The abstract gauge groupoid

Definition
The prolongable abstract gauge groupoid of P with respect to
Uk (1) and Qp por Is the groupoid G defined as follows:

1. an object is a U, (1)-principal *-DGA (Qp,dp) for P over
(Qg,dg) admitting a prolongable connection, such that

kerintc[dp] = Qp hor

2. an arrow from (Q4, dq) to (Q5,d;) is U(1)-equivariant
f: 04 = Qy, such that flg, = ido, and

fodi=dyof, (ldAWH ®f)0iﬂtK[dj] :th[dﬂOf;

3. the groupoid law is composition of maps.
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A reconstruction theorem

Theorem

Let A be the set of all triples (Qp, dp;TT), where (Qp,dp) is
an object in G« and TT is a prolongable connection on
(Qp,dp). Then L : 8P" x A" — G, x A, given by

(f,V) — (f: (QP,@;K,dP,V;K;neB) — (QP,@;KrdP,fDV;K;néB))

Is an equivalence of groupoids with explicit homotopy inverse.

Corollary
In our case,

U(T) Xerviat R?, if k= ¢,

G X A ~ 6P x A" =
0, else.
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Isomorphism of total calculi

Definition

We say that A € atP" is canonically k-adapted whenever there
exists w[A] : Qp o = Qb 1o, the relative connection 1-form
of A, such that

A|p =w([V]o dP,ver;K|p, w[v](th)Z =0.
Let ats, « be the subset of all canonically k-adapted A € at®".

Theorem
We have ati, « # 0 iff k = g, in which case atf3, 4 = at’” and

V(s1,50) €R?, w [ger(s1,52)] (dqt) = =L (517" + spd7?).
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Isomorphism of total calculi

Let ue : G« — Aut(P) be the forgetful map, so that (Q4, dq),
(Q,,dy) € 0Obj(S«) are isomorphic over idp as U(1)-equivariant
*-DGA over P iff [(Q4,dq)] = [(Qy, dy)] in G/ ker .

Theorem

The subset ats,  is a &P"-invariant subspace of at®" that
leaves At invariant under translation, and £ descends to

&P x AL /atly, =5 G/ ker py.

Corollary

In our case, since Qltpr =P and at®’
can,q

— 0,

Gqe/ kerpge = &PT X APT = U(1) Xyrivial R,
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