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Coherent 2-groups

Definition (Sinh '75, Laplaza’83, Baez—Lauda '04)

A coherent 2-group G consists of:
1. amonoidal category (G, ®, &, 1c, A, p) where every arrow is invertible;
2. afunction (g — g) : Ob(G) — Ob(C) called monoidal inversion;

3. afamily of arrows ev = {ev; : g ® g — 1c},cob(c) called evaluation.

Example

A group I" defines a coherent 2-group: take the discrete category on I" with the
strict monoidal structure given by the group law, monoidal inversion given by
inversion, and evaluation given by the group law.

Theorem (Laplaza’83)

Let G be a coherent 2-group. Monoidal inversion uniquely extends to a functor G — G
that makes evaluation into a natural isomorphism.



Coherence

Definition

An arrow in a coherent 2-group G is elementary if it can be constructed via finitely
many applications of composition, inversion, monoidal inversion, and ® from

{idg)?\g» Pg, €Vy lg Ob(c)}u{“g,h,k |9> hyk € Ob(G)}

Theorem (Ulbrich ’81, Laplaza’83)

Let G be a coherent 2-group. Forevery (g, h) € Ob(G)?, there is at most one elementary
arrowu : g — hinC.

Corollary

Let G be a coherent 2-group. There exist unique elementary  : 1 — 1¢ and elementary
natural isomorphisms

bb ={bb; :9 — Fheobic)y Y ={Vgn:89®h— h®F},mecobc)

that make G into a strong bar category a la Beggs—Majid.
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Hermitian line modules

Definition (cf. Beggs—Brzezinski 14, Arici-Kaad—Landi16)

Let B be a unital pre-C*-algebra. A Hermitian line B-module is a right pre-Hilbert
B-module E equipped with a x-isomorphism B — Endj (E), such that:

Jery ... e, € E, Ve € E, e:Ze,~(e,,ei),

n

5000y Ep E 5 1=Z(€i)€i)-

j=1
Its conjugate is the Hermitian line module E := {& | e € E} on Bwith

Ve € E, Vb,, b, € B, b1~7-b2.—b* e- by,
Ve, e, e € E, (er,8;) - e:=e; - (ese).



The Picard 2-group

Definition (cf. Frohlich '74, Beggs—Majid '09, Beggs—Brzeziriski 14)

The Picard 2-group of a unital pre-C*-algebra B is the coherent 2-group Pic(B)
defined as follows:

1.
2.

an object is a Hermitian line B-module E;

anarrow u : E — Fisanisomorphism of B-bimodules, such that
Ve, e, € E, (u(e;),ule,)) = (erye,);
atensor product E ® F is the B-bimodule E ®g F with inner product
Ve e, €E, Vi, €F, (e ®f,e,®f) = (e (fi,f2) - &2);
the inverse of an object E is its conjugate E, with

Ve, e, € E, eve(er @ e,) = (e, e,).
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Homomorphisms from groups to 2-groups

Definition (cf. Baez—Lauda'04)

Let " be a group and G a coherent 2-group. A homomorphism F : " — G comprises
afunction F : T — Ob(G),anarrow F(®) : 15 — F, _, and a family of arrows

{Fw(/?zvz :Fy, ® Fy, = Fyy. dova,va)ers

such that the following diagrams commute for all v, y;, V., v; € T:

F(o)®1dpY idr. @F(®)
1c®F, — F(ir) ® Fy, Fy®1c—>Fy®F(1r)
% A’ F‘\/‘ */Vlr
(XF'W 'F'VZ'FYS
(Fy, ® Fy,) ® Fy, Fy, ® (Fy, ® Fy,)
: w®idFV3l lidFv ®Fw) Y3
FY1Vz ® F 2—> F’Y1'Y2'Y3 T F ® FYz'Yz

Y1Y2,Y3 Y1,Y2Y3
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Bar homomorphisms

Definition (Beggs—Majid '09)

Let " be a group and let G be a coherent 2-group. A bar homomorphism F : T — G
isa homomorphism F : ' — G equipped with {Fff” : Fy = Fy—}yer making
the following commute forally,y,,vy, € T":

T R— Fi7) ®ide,, F( )
1c — F1r F (29 F e F - F F —) yfw
(=) (2)
* E eve F
T Fo) l““ yi lv Y bbp:/\ /*W)
1C — F’Ir 1G T> F'lr
(=) (—1)
7’:\/21 ®FV1 !

Foh, 2 FrgF, Fymr ® Fym

(2) (2)
) VzJ/ J/va Ye

FY1YZ F( —1) F‘Yz Y1
Y1Y2
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Example

Let B be a unital pre-C*-algebra.
We define an injective bar homomorphism T : Aut(B) — Pic(B) as follows:

1. given d € Aut(B), letty, = {by, | b € B} be Basa R-vector space with

Va, b, c € B, a-bg - c:=(abd(c))y,
Va,b € B, (ap,by) = '(ab);

2. sett(®) = idg;
3. given ¢, € Aut(B), define Téqu) PT Qg Ty — Ty bY
Va,b € B, Toh(ag ® by) = (ad(h))gy;

)

4. given ¢ € Aut(B), define T((1;1 1Ty — T by

Vb € B, w5 (Bg) = 07 (b g
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Morphisms between bar homomorphisms

Definition (cf. Baez—Lauda 04, Egger'11)
Let T" be a group and let G be a coherent 2-group. We denote by Hom™ (T, G) the
following groupoid:

1. anobjectisabarhomomorphismF : " — G;

2. anarrow ¢ : R — Sisafamily ofarrows{¢ : R, — S, }yer making the
following diagrams commute forall y, v, v, € T:

¢Y1®¢Yz E

1G R'Y1 Y R'Yz — SY1 ® S'Yz R’y —_— S‘y
R st (2) (2)
2 2 — —
/ \ RYthJ/ J/SVMVZ Rg/ W)l J/sg/ i
Rip —— S, Ryy ——5S Ryt —5 S
r c])1r r Y1Y2 ¢y1yz Y1Y:2 v ‘by*‘ v

Remark
If T3 and T, are groups, then Hom® (T, T, ) = Hom(TI;, T,) = Hom(T3, T,).
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Abstract Cuntz—Pimsner for 2-groups

Proposition (trivial exercise in undergraduate algebra)
Let G bea group. Then (f — (1)) : Hom(Z, G) — Gisa bijection.

Theorem (C., cf. Beggs—Brzezinski 14, Arici-Kaad—Landi16)
Let G be a 2-group. Define a functor 7 : HomP* (Z,G) — G by

V(b :R—S) €G, () = (g, : R — Sy).
There exists a functor T : G — HOMb“(Z, G), such that
/1\0 T = idc, Toﬁ\ ~ id’HOMbar(Z,G) .

In other words:
e F:Z — Gisuniquely determined by F, up to natural isomorphism;
e g € Ob(G) uniquely generates 7 (g) : Z — G up to natural isomorphism.



Principal U(1)-pre-C*-algebras

Definition (cf. Arici-Kaad-Landi 16, Arici-D’Andrea—Landi '16)

Let P be a unital pre-C*-algebra with a U(1)-action  : U(1) — Aut(P) by
isometric x-automorphisms; define

Vk € Z, P.:=1{p € P|Vz € U(1), o;(p) = z*p}.
We say that P is a principal U(1)-pre-C*-algebra whenever P = @®yczPy and
m
dery ... em € P 1:Zi:1e,-e,-*,
n
3fry..sfy € P ‘:Z,-:1 £
Example
Givenq € R\ {0, £1}, the quantum group O, (SU,) witha, ¢ € O,(SU,), and

1=aa* + (q¢)(qc)*y, 1=a"a+c"c.



Associated line modules

Let B be a unital pre-C*-algebra.

We denote by Circ(B) the following groupoid:

1. anobjectis a principal U(1)-pre-C*-algebra P together with a
x-isomorphism tp : B — Pg;

2. anarrowf : P — QisaU(1)-equivariant isometric x-isomorphism, such
thatf o tp = 1.

Definition
Given P € Ob(CIrc(B)), define a bar homomorphism L(P) : Z — Pic(B) thus:
1. givenk € Z,let L(P), := Py as a C-vector space with

VbnszB» Vp € Py, by -p-b, = LP(b1)PLP(bz)»
Y1y b2 € Pry (P p2) =1 (pyp2);

2. set L(P)(®) := 15, induce E(P)Ez,). from multiplication in Pandﬁ(P)f”
from the x-operation of P.



Orbitwise Tannaka—Krein

Theorem (cf. Pimsner’97, Abadie—Eilers—Exel '98, Arici-Kaad—Landi 16)
Define a functor £ : CIrc(B) — HomP¥ (Z, Pic(B)) by

V(p:P— Q) €Cre(B), VR € Z, L()r = (dr:L(P)r — L(Q)k)-
There exists a functor £ : Hom® (Z, Pic(B)) — CIRC(B), such that
LoX = idHOMb”(Z‘PIC(B)]) oLl ~ idCIRC(B] 0

Example

Given ¢ € Aut(B), we have B ><13£g Z € Ob(CIrc(B)) and
LBXEZ) =To (ks ).

Example

Givenq € R\ {o, £1}, we have O,(SU,) € Ob(Circ(O,(CP"))) and that
L(0,(SU,)) recovers the relative line modules {&; }kez on O, (CP')).
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Corollary (Pimsner’97, Abadie—Eilers—Exel '98...)
Define a functor L, : CIRc(B) — Pic(B) by L, =70 L, eg.,
VP € Ob(CIrc(B)), Vk € Z, L,(P) = L(P),.
There exists a functor P : Pic(B) — CIRc(B), eg., P := X o T, such that
Ly oP =idpep), P oLy ~idepe(s -
Such P : Pic(B) — CIrc(B) is Cuntz—Pimsner for Morita auto-equivalences.

Example

Given ¢ € Aut(B), we have £, (B Nig Z) ="14.

Example

Giveng € R\ {o, 1}, we have £,(O,(SU,))

= 0,(SU,), = &, therelative line
module on O, (CP') generated by {a, c} C O,(SU,

).
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Hermitian right connections

Fix a unital pre-C*-algebra B with x-differential calculus Qp.

Definition

A Hermitian right connection on a Hermitian line B-module E is a C-linear map
V : E — E® Qfsatisfying:

Vec E,Vbe B, V(e-b)=Vl(e) -b+exdgh,
Ve,e, €E, d(ee,) = V(e1)2‘1> : (v(e1)(o>)ez) + (env(ez)(o)) : v(ez)(1)>

where we apply ton € E ® Qp the Sweedleresque notationn = 1), @ N5y

Proposition

A Hermitian right connection NV on a Hermitian line B-module E uniquely extends to a
C-linearmapV : E® Qf — E® Q3 ™", such that

VN € E, VB € Qs, Vm-B)=Vm) B+ (—1)"n-dsB.



Hermitian line connections
Definition (Beggs—Majid 18)

A Hermitian line connection on a Hermitian line B-module Eis (og, V), where:

1. 0p: Qf ®p E — E®p Qf isa B-bimodule isomorphism restricting to
elementary B ®p E — E ®3g B, making E ®g Qg a graded Qg-bimodule via

Vo, € Qp, M EE, M- Bi=0e(x®@M)) @My - B
2. VgisaHermitian right connection on E satisfying
VB € Qp, VN € E®p Qg Ve(B-m) =ds B -1+ (—1)PIB - Ve(n).
Its conjugate is the Hermitian line connection (og, V) on E defined by
Ve € E, VB € Qg 0x(B®F) = 0; (e® B*) o) @ 07 (e ® B*)_y,
Ve € E, V() = —(0g" 0 Ve(e)) (o) ® (0F " © Ve(e))_ays

where we apply ton € Qp ® E the Sweedleresque notationn = 1(_;) ® (o).
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The differentiable Picard 2-group

Definition (Beggs—Majid 18 mutatis mutandis)
The differentiable Picard 2-group of B with respect to (g is the coherent 2-group
Pic(B) defined as follows:
1. anobjectis a pair (E, Vi), where E € Ob(Pic(B)) and (o¢, Vi) isa
Hermitian line connection on E.
2. anarrow ¢ : (E,Vg) — (F,Vg)isd : E — FinPic(B), such that

Viod = (d®id) o V.
3. weset (E, Vi) ® (F, Vi) = (E ®g F, VEg,r), Wwhere
Okg,r = (Id®0F) o (0 ® id),
Vegsr = (id®0¢) o (Ve ®id) +id @V
4. weset (E, V¢) = (E, V), where (0%, V) is conjugate of (og, V).

Here, composition is composition in Pic(B), the unitis (B, dg, id,) and the
associator, unit, left unitor, right unitor, and evaluation are those of Pic(B).



HORIZONTAL cALCULI
Example

From now on, let Aut(B) == Aut(Qg, d).
We can refine T € Hom" (Aut(B), Pic(B)) to£ € Hom™ (Aut(B), Pic(B)) thus:
1. givend € A/IIt(B), let g == (T4, dg ), where

Ya,b € B, op(dpa®@b) =14 ® (dgod™")(a) - 7" (b),
Vb € B, dg(bg) =1¢ ® (dgodp™")(b);

2. set?(©) == 1(0) = idy;
3. given d, € Aut(B), define ‘E’éf}lp 1Ty @ Ty — Ty by

Va,b € B, ‘Eszfw(aq, ® by) = Téfjw = (ad (b)) pw;
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Horizontal calculi

Definition (Durdevi¢’9s, C.21)
Let P € Ob(CIrc(B)). A horizontal calculus for P consists of:
1. aU(1)-equivariant curved x-differential calculus Qp j, over P (i.e., df,’h #0),
2. anextensionTp : Qf — (Q;’h)Um of tp : B — PY(") to an isomorphism of
graded x-algebras,

such that
((Q;,h)umﬂdP,h“Q;,h)U(‘O = (%(Q3), T o ds).

We define a groupoid G\RC(B) as follows:

1. anobjectis (P, Qp ), where P € Ob(Circ(B)) and Qp 1, is a horizontal
calculus on P;

2. anarrowf : (P,Qpy) — (Q,Qqn)isanarrowf : P — Qin Circ(B)
extending to a U(1)-equivariantisomorphism f : Qp1, — Qq 1, of graded
x-algebras, such that

fodpn =dq,nof.
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Associated Hermitian line connections

Definition (C., cf. C—Mesland '21)

Given (P, Qp,) € Ob(CIRc(B)), refine £(P) : Z — Pic(B) toa bar
homomorphism Z(P, Qph) 1 Z — Pic(B) thus:
1. givenk € Z, let £(P, Qp )i = (L(P)k, Vi), where

VB € Qp, Vp € Py 0p(H(B) ® p) = ZI.:1 e @0 (¢f - T(B) - p),

Vp € P, Voulp) =) e @ (¢f - dpn(p)),
i=1

forany{e;,...,ey,} C Psuchthat Z,”; eief =1;

2. set £(P, Qp 1) = 1, induce L(p, Qp,h)Ez,). from multiplicationin Qp 1,
and EA(P, Qp‘h)ﬁ_w from the x-operation of Qp .
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A differentiable orbitwise Tannaka—Krein theorem

Theorem (C.)
Define a functor L (TR\C(B) — Homb (Z, FTI\C(B)) by

(¢ : (P,Qpp) — (Q, Qpn)) € CIRC(B), Yk € Z,
L(d)k = (b : L(P, Qp )i — L(Q, Qgn)i)-
There exists a functor & : HomP™ (Z, ﬁE(B)) — C/la:(B),such that

$ol ~id—

Hombar (Z,Pic(B))? CIrc(B

Lof =id

Example

Letd € liat(B). Then

$(to (ko dh)) = (B X Z, (Qp ¥ Z,idegy ®d))
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A variation on a theme

Corollary
Define a functor L, :G\RC(B) — F/’I\C(B) byl =%0L,eg.,

V(P,Qpy) € Ob(CRE(B)),  Li(P, Qpp) = (L(P), Viy)-
There exists a functor P : EE(B) — C/I\RC(B), eg. P =& o T suchthat

L, oP =id~ Pol, ~id—

Pic(B Circ(B

SuchP : W:(B) — ﬁ:(B) is differentiable Cuntz—Pimsner for Hermitian line
modules with Hermitian line connection!

Example

Let ¢ € Aut(B), sothat (B x3¥ Z, Qg %3¢ Z,idciz ©d) € Ob(CIRC(B)). Then

PRy) = £(%0 (k= o) = (B %32 Z, (Qp %3E Z,ideiz @ d)).



Curvature
Let Igi\c(B) the group of isomorphism classes in |§IE(B) with respect to ®.
Definition (Beggs—Majid 18)

Let (E, V) € Ob(Pic(B)). The curvature of [(E,VE)] € P/’i\c(B) is the unique
2-form Fi(g v, ) € Zg(Q}) satisfying

Ve € E, —iVi(e) = e ® Fi(g, v,

Example

Forevery ¢ € Aut(B), we have Fjz, | = 0.

Proposition
Let (P, Vp) € Ob(CIRc(B)). Then

Vk € Z, Yp € Py, —id5p(p) = b (2 (p),, 9p)-
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Curvature as a 1-cocycle

Proposition (Frohlich '73, Beggs—Majid "18)

There is a unique homomorphism @ - ISI\C(B) — Aut(Zg(Qp)), such that
V(E, V) € Ob(Pic(B)), Ve € E, VB € Zs(Qg), ¢® By,v,))(B) = oe(B ®e).

Proposition (Beggs—Majid 18)

The assignment [(E, V)] — Fi( v,)) definesai-cocycle F : Ei\c(B) — (Z(Q3),+)
with respect to D, e,

V(E, V), (F, V§) € Ob(Pic(B)),

F((e@4F, Vener)] = El(g,ve)] T Prie,ven (Fir,ven)-
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Preliminaries

Letk € R\ {o}be given.

K"—1

Forn € Z, let [n]« == nif K =1, otherwise [n]« == p——

Let A == Cld«tl/((d«t)?) with dt skew-adjoint.
Given a graded U(1)-*-algebra Q, let

A X Q= A ® Q/{dit ® w — (—1)| g « (W) ® dict| w € Q)
with d .t defined to be U(1)-invariant.

Definition (cf. Durdevié'97)

The k-vertical calculus of P € Ob(CIrc(B)) is the U(1)-equivariant x-differential
calculus Qp v.« == A X PonPwith

Vn € Z, Vp € P, dp vk (p) = dt - 2mi[n] cp.
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Quantum principal U (1)-bundles

Definition (Brzezinski-Majid '93, Durdevi¢ 97, Beggs—Majid '21)
A quantum principal U, (1)-bundle over Bis a pair (P, Qp), where:
1. P € Ob(Circ(B)) with given %-isomorphism tp : B — PU("),

2. QpisaU(1)-equivariant x-differential calculus on P with an injective
extension of tp to a graded *-homomorphism{p : Qf — (Qg)U™W

such that
1. dp O/L\p :/fp o ds;

2. we can define surjective verp, : Qp — Qp ., with kernel Qp - O by
VerP;K[P: idP) Verp, OdPrP: dP,V;K)
3. we candefineintp,, : Q, — A« x Qpwith ker(id —intp.c) = P- Qg by

intP',K rP: idP) intP;K rQ‘P: IdQ‘P +verp,« rQ}, .
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Strong connections

Definition (Brzezinski-Majid '93, Hajac’96, Durdevic'97)

A strong connection on a quantum principal U(1))-bundle (P, Qp) over (B, Qg)isa
U(1)-equivariant morphism of P-x-bimodules TT : Q}, — Q}, such that:

1. idp extends via TTtoverry : Qp — Qp, such that
(verr)? = verr, kervery = kerverp.;
2. idp extends viaidg; —TTtohorr : Qp — Qp, such
(horrr)* = horry, ranhory = kerintp. .

Example (Brzezinski—-Majid '93)

Letq € R\ {0, 1}, let Q, 5(SU, ) be the 3-dimensional calculus on O,(SU, ).
The g-monopole is a strong connection TT, on the quantum principal U, (1)-bundle
(04(SU,), Qy5(SU,)) over (O, (CP'), O, (CP')).



Horizontal calculi from strong connections

Define a groupoid GAUGE . (B) as follows:

1. anobjectisatriple (P, Qp, IT), where ITis a strong connection on the
quantum principal U (1))-bundle (P, Qp);

2. anarrow f : (P, Qp, TTp) — (Q, Qq, Mq) isa U(1)-equivariant
isomorphism f : Q7 — Q3 of graded *-algebras, such that

fO/Ep = /EQ) fodP = dQ Of) (id/\‘K ®f)ointP;K = intP;K Of) follp = r[QOf-
Define a functor Hor, : GAUGE, (B) — C/I\R’C(B) as follows:

V(f : (P, Qp,TTp) — (Q,Q4q,Tg)) € GAUGE(B),
Hor(f) =
(f - (P, (P-Tp(Qp), (id —TTp) 0 dp)) — (Q, (Q - Ta(Qs), (id —TTg) 0 dqg)))

Goal

Use Hor to get a differentiable Cuntz—Pimsner construction for GAUGE . (B).



Synthesis of total calculi

Say that (P, Qp ) € Ob(a\Rc(B)) is k-adapted if there exists a U(1)-equivariant
morphism of P-«-bimodules R[Qp ] : Qp ;.. — QF ..., such that

Vp € P, d? 1 (p) = iRIQp p](dp v;x ().
Let (ﬁR\cK(B) be the strictly full subgroupoid ofa\Rc(B) of all k-adapted objects.
Proposition (Burdevi¢ 10, C.21)
1. Therange of Hor : GAUGE(B) — aR\C(B)isC/IFE:K(B).
2. Thereexists a functor S : C/l\RcK(B) — mK(B),such that

Hor, oS¢ dCIRC (8) S« o Hor, ~ 1dcf|\RC ) *

Given (P, Qp ) € Ob(C/I\RCK(B)),We have S (P, Qp 1) = (P, Qp, TTp), where
Qp = Ap x Qpp,

dplpi=dp v;c[p +dpulp,  dp(dit) == —iR[Qppl(dct),
Ip == Pron,P G
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Characterization of k-adapted horizontal calculi

Proposition
1. Let Hom®(Z, PIC(B)) be the strictly full subgroupoid of HomP* (Z, Pic(B)) of
all S that satisfy
Vm,n € Z, Fs,..)0 = F5,1 + K "Fs,).

Then L : C/I\RC(B) — Hom"(Z, ﬁE(B)) satisfies
L(Circ, (B)) = Homb™ (2, Pic(B)).
2. Let Pic(B) be the strictly full subgroupoid of Pic(B) of all (E, V) that satisfy
O (6,01 (Fite,ven) = & "Fiie,ve)-
Then 7 : Homb (Z, PIC(B)) — Pic(B) satisfies

A(Hom> (Z, Pic(B))) = Pic, (B).
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Another variation

Theorem (C.)

The functor £, o Hor, : GAUGE (B) — ISE(B)satisﬁes
£, o Hor,(GAUGE(B)) = Pic.(B).
Hence, there exists a functor Py : I;E:K(B) — GAUGE (B), such that
(EA1 o Hory) o Py = idPTcK(Bp Py o (31 o Hory) ~ idgayce, (8) -

Such Py : W:K(B) — GAUGE (B) is differentiable Cuntz—Pimsner for quantum
principal U (1)-bundles over (B, Q) with strong (bimodule) connection!
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The g-monopole revisited

Letq € R\ {o, £1} be given. Let (O,(SU,), Q4 5(SU, ), TT;) € Ob(CAUGE,(B))
be the g-monopole over (O,(CP'), Q,(CP")).

1. The bar homomorphism
Lo Hor(O,4(SU,), Q,45(SU,),T1,) € Ob(HOMIq’f”(Z, Isl\c(Oq(CF))))

recovers {(&, Vi) lkez, where V is the unique left O, (SU, )-covariant
Hermitian right connection on the relative line module &, over O, (CP").

2. Hence, in particular,
Vim, n € Z, El(&pin, Vi)l = El(60, 91 4 "Ei(e,, 9,1
3. Hence, in particular, (&,V,) € Ob(ﬁl\cqz(Oq(CP1))),so that

Vm € Z, O, v (e, vo) =4 “"Fg, v
Vm € Z, Fie,, v, = mlg—Fe, v,



LIFTING REPRESENTATIONS
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Clifford representations

Definition
A Clifford representation (H, 7t) of Qg consists of:

1. aZ,-graded separable Hilbert space H equipped with a faithful
x-representation B — L (H);

2. aninjective x-preserving B-bimodule morphism 7 : Qp — Lodd(H).

Example

A spectral triple (B, H, D) spatially implements Qg whenever the following defines
a Clifford representation (H, 7tp) of Qjp:

Vb € B, 1ip(ds(b)) = [D, bl;

in this case, we call (H, 7tp) the Clifford representation induced by (B, H, D).
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Equicontinuity

Definition (C., cf. Bellissard—Marcolli-Reihani 10)
LetL € Homb (Z, Pic(B)); foreach k € Z, let (Ly, (0%, Vi) = Lp. We call R
equicontinuous with respect to a Clifford representation (H, 7t) of Qp if

id ® 7
VB c ng, sup  sup ||(l b2 ) © O_k((«)’ & E‘)Hﬁk@BL(HJ

< +00.
keZ E€Li\ (o) 1€l 2,

Hence:
1. (P, Qpp) € Ob(C/I\R'C(B)) is equicontinuous w.rt. (H, 7t) if/f(P, Qp ) is;
2. (E,Vg) € Ob(lgl?:(B)) is equicontinous w.rt. (H, 7t) if P(E, V) is;
3. givenk > 0, we say that (P, Qp, TTp) € Ob(GAUGE(B)) is equicontinous
w.rt. (H, 7t) if £ o Hor (P, Qp, TTp) is.
Thus, equicontinuity w.rt. (H, 7t) is preserved by all relevant equivalences of
categories and is stable under isomorphism.
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Examples

Example (cf. Bellissard—Marcolli-Reihani'10)
letd € ﬁt(B). Then

Ply) =20 (ki %) = £(B %3E Z, (Qp %3 Z,dy))
is equicontinuous w.rt. a Clifford representation (H, 7t) of Qg iff

Vb € B, sup |7t o d od*(b)|| ) < +00.
kez

Example (C.)
Letq € R\ {0, £1}. Then the g-monopole

(O4(8U,), Q,5(SU,), T1;) € Ob(GAUGE,(B))

is not equicontinuous w.rt. the Clifford representation of Q4 (CP") induced by the
canonical spectral triple on O, (CP") of Dabrowski—Sitarz.
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Lifting Clifford representations

Definition (C.)

Letk > o, let (P, Qp, TTp) € Ob(GAUCGE(B)), and let (H, 7r) be a Clifford
representation of Qg. A lift of (H, 7t) w.rt. (P, Qp, TTp) is (H, V, v, 71), where:

1. Hisa Z,-graded separable Hilbert space equipped with a strongly
continuous unitary representation U(1) — U®"*"(H) and a faithful
U(1)-equivariant x-representation P — L¢*"(H), such that

- H
P-HYO =H, {peP|plunm=o0}={o}

2. Visaseparable Z,-graded Hilbert space and v : V & H — HY") is unitary;

3.7 Qh — End%dd(P- HY (")) is a faithful -preserving U(1)-equivariant
P-bimodule morphism, such that

VB € Qf, V& € HY, B)E =v(id & n(B))v*E.

We call (H, V, v, 7%) bounded whenever 71(Q)}) < Lodd(H).



Existence of bounded lifts

Theorem (C.)
Suppose that we are given:
1. a Clifford representation (H, 7t) of Qg;
2. kK > oand (P, Qp,TTp) € Ob(GAUGE(P)).
If (H, 77) admits a bounded lift with respect to (P, Qp, TTp), then:
1. (P, Qp, TTp) is equicontinuous with respect to (H, 7t);
2. K=1.

Corollary (C.)

Lletq € R\ {0, &1}, and let (H, 7t) be a Clifford representation of Q,(CP'), e.g., the
one induced by the canonical spectral triple on O, (CP") of Dgbrowski-Sitarz. Then
(H, 7t) does not admit a bounded lift with respect to the g-monopole

(04(SU,), Q,5(SU,), TT,) € Ob(GAUGE,: (B)).
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