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Coherent 2-groups

Definition (Sinh ’75, Laplaza ’83, Baez–Lauda ’04)
A coherent 2-group G consists of:

1. a monoidal category (G,⊗, α, 1G, λ, ρ)where every arrow is invertible;
2. a function (g 7→ g) : Ob(G) → Ob(G) called monoidal inversion;
3. a family of arrows ev = {evg : g ⊗ g → 1G}g∈Ob(G) called evaluation.

Example
A group Γ defines a coherent 2-group: take the discrete category on Γ with the
strict monoidal structure given by the group law, monoidal inversion given by
inversion, and evaluation given by the group law.

Theorem (Laplaza ’83)
Let G be a coherent 2-group. Monoidal inversion uniquely extends to a functor G → G
that makes evaluation into a natural isomorphism.
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Coherence

Definition
An arrow in a coherent 2-group G is elementary if it can be constructed via finitely
many applications of composition, inversion, monoidal inversion, and⊗ from

{idg, λg, ρg, evg | g ∈ Ob(G)} ∪ {αg,h,k | g, h, k ∈ Ob(G)}.

Theorem (Ulbrich ’81, Laplaza ’83)
Let G be a coherent 2-group. For every (g, h) ∈ Ob(G)2, there is at most one elementary
arrow u : g → h in G.

Corollary
Let G be a coherent 2-group. There exist unique elementary⋆ : 1G → 1G and elementary
natural isomorphisms

bb = {bbg : g → g}g∈Ob(G), Υ = {Υg,h : g ⊗ h → h ⊗ g}(g,h)∈Ob(G)

that make G into a strong bar category à la Beggs–Majid.
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Hermitian line modules

Definition (cf. Beggs–Brzeziński ’14, Arici–Kaad–Landi ’16)
Let B be a unital pre-C∗-algebra. A Hermitian line B-module is a right pre-Hilbert
B-module E equipped with a ∗-isomorphism B → End∗B(E), such that:

∃e1, . . . , em ∈ E, ∀e ∈ E, e =
m∑

i=1

ei · (ei, ei),

∃ϵ1, . . . , ϵn ∈ E, 1 =
n∑

j=1

(ϵj, ϵj).

Its conjugate is the Hermitian line module E := {e | e ∈ E} on B with

∀e ∈ E, ∀b1, b2 ∈ B, b1 · e · b2 := b∗2 · e · b∗1 ,
∀e1, e2, e ∈ E, (e1, e2) · e := e1 · (e2, e).
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The Picard 2-group

Definition (cf. Fröhlich ’74, Beggs–Majid ’09, Beggs–Brzeziński ’14)
The Picard 2-group of a unital pre-C∗-algebra B is the coherent 2-group Pic(B)
defined as follows:

1. an object is a Hermitian line B-module E;
2. an arrow u : E → F is an isomorphism of B-bimodules, such that

∀e1, e2 ∈ E, (u(e1), u(e2)) = (e1, e2);

3. a tensor product E ⊗ F is the B-bimodule E ⊗B F with inner product

∀e1, e2 ∈ E, ∀f1, f2 ∈ F, (e1 ⊗ f1, e2 ⊗ f2) := (e1, (f1, f2) · e2);

4. the inverse of an object E is its conjugate E, with

∀e1, e2 ∈ E, evE(e1 ⊗ e2) := (e1, e2).
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Homomorphisms from groups to 2-groups

Definition (cf. Baez–Lauda ’04)
Let Γ be a group and G a coherent 2-group. A homomorphism F : Γ → G comprises
a function F : Γ → Ob(G), an arrow F(0) : 1G → F1Γ , and a family of arrows

{F(2)
γ1,γ2

: Fγ1 ⊗ Fγ2 → Fγ1γ2 }(γ1,γ2)∈Γ 2 ,

such that the following diagrams commute for allγ, γ1, γ2, γ3 ∈ Γ :

1G ⊗ Fγ F(1Γ )⊗ Fγ

FΓ

F(0)⊗idFγ

λFγ F(2)
1Γ ,γ

Fγ ⊗ 1G Fγ ⊗ F(1Γ )

FΓ

idFγ ⊗F(0)

ρFγ F(2)
γ,1Γ

(Fγ1 ⊗ Fγ2)⊗ Fγ3 Fγ1 ⊗ (Fγ2 ⊗ Fγ3)

Fγ1γ2 ⊗ Fγ3 Fγ1γ2γ3 Fγ1 ⊗ Fγ2γ3

αFγ1 ,Fγ2 ,Fγ3

F(2)
γ1,γ2⊗idFγ3

F(2)
γ1γ2,γ3

idFγ1 ⊗F(2)
γ2,γ3

F(2)
γ1,γ2γ3
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Bar homomorphisms

Definition (Beggs–Majid ’09)
Let Γ be a group and let G be a coherent 2-group. A bar homomorphism F : Γ → G
is a homomorphism F : Γ → G equipped with {F(−1)

γ : Fγ → Fγ−1 }γ∈Γ making
the following commute for allγ, γ1, γ2 ∈ Γ :

1G F1Γ

1G F1Γ

F(0)

⋆

F(0)

F(−1)
1Γ

Fγ ⊗ Fγ Fγ−1 ⊗ Fγ

1G F1Γ

F(−1)
γ ⊗idFγ

evFγ F(2)
γ−1,γ

F(0)

Fγ Fγ−1

Fγ

F(−1)
γ

bbFγ F(−1)
γ−1

Fγ1 ⊗ Fγ2 Fγ2 ⊗ Fγ1 Fγ−1
2

⊗ Fγ−1
1

Fγ1γ2 Fγ−1
2 γ

−1
1

ΥFγ1 ,Fγ2 F(−1)
γ2 ⊗F(−1)

γ1

F(−1)
γ1γ2

F(2)
γ1,γ2

F(2)
γ−1

2 ,γ−1
1
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Example

Let B be a unital pre-C∗-algebra.

We define an injective bar homomorphism τ : Aut(B) → Pic(B) as follows:
1. givenϕ ∈ Aut(B), let τϕ := {bϕ | b ∈ B} be B as aR-vector space with

∀a, b, c ∈ B, a · bϕ · c := (abϕ(c))ϕ,
∀a, b ∈ B, (aϕ, bϕ) := ϕ−1(a∗b);

2. set τ(0) := idB;
3. givenϕ,ψ ∈ Aut(B), define τ(2)

ϕ,ψ : τϕ ⊗B τψ → τϕψ by

∀a, b ∈ B, τ
(2)
ϕ,ψ(aϕ ⊗ bψ) := (aϕ(b))ϕψ;

4. givenϕ ∈ Aut(B), define τ(−1)
ϕ : τϕ → τϕ−1 by

∀b ∈ B, τ
(−1)
ϕ (bϕ) := ϕ−1(b∗)ϕ−1 .
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Morphisms between bar homomorphisms

Definition (cf. Baez–Lauda ’04, Egger ’11)
Let Γ be a group and let G be a coherent 2-group. We denote by Hombar(Γ,G) the
following groupoid:

1. an object is a bar homomorphism F : Γ → G;
2. an arrowϕ : R → S is a family of arrows {ϕγ : Rγ → Sγ}γ∈Γ making the

following diagrams commute for allγ, γ1, γ2 ∈ Γ :

1G

R1Γ S1Γ

R(0) S(0)

ϕ1Γ

Rγ1 ⊗ Rγ2 Sγ1 ⊗ Sγ2

Rγ1γ2 Sγ1γ2

ϕγ1⊗ϕγ2

R(2)
γ1,γ2 S(2)

γ1,γ2

ϕγ1γ2

Rγ Sγ

Rγ−1 Sγ−1

ϕγ

ϕγ−1

R(−1)
γ S(−1)

γ

Remark
If Γ1 and Γ2 are groups, then Hombar(Γ1, Γ2) = Hom(Γ1, Γ2) = Hom(Γ1, Γ2).
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Abstract Cuntz–Pimsner for 2-groups

Proposition (trivial exercise in undergraduate algebra)
Let G be a group. Then (f 7→ f (1)) : Hom(Z,G) → G is a bijection.

Theorem (Ć., cf. Beggs–Brzeziński ’14, Arici–Kaad–Landi ’16)
Let G be a 2-group. Define a functor 1̂ : Hombar(Z,G) → G by

∀(ϕ : R → S) ∈ G, 1̂(ϕ) := (ϕ1 : R1 → S1).

There exists a functorT : G → Hombar(Z,G), such that

1̂ ◦ T = idG, T ◦ 1̂ ≃ idHombar(Z,G) .

In other words:
• F : Z→ G is uniquely determined by F1 up to natural isomorphism;
• g ∈ Ob(G) uniquely generates T (g) : Z→ G up to natural isomorphism.
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PrincipalU(1)-pre-C∗-algebras

Definition (cf. Arici–Kaad–Landi ’16, Arici–D’Andrea–Landi ’16)
Let P be a unital pre-C∗-algebra with aU(1)-actionα : U(1) → Aut(P) by
isometric ∗-automorphisms; define

∀k ∈ Z, Pk := {p ∈ P | ∀z ∈ U(1), αz(p) = zkp}.

We say that P is a principalU(1)-pre-C∗-algebra whenever P = ⊕k∈ZPk and

∃e1, . . . , em ∈ P1 1 =
∑m

i=1
eie∗i ,

∃f1, . . . , fn ∈ P1, 1 =
∑n

j=1
f ∗j fj.

Example
Given q ∈ R \ {0,±1}, the quantum groupOq(SU2)with a, c ∈ Oq(SU2)1 and

1 = aa∗ + (qc)(qc)∗, 1 = a∗a + c∗c.
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Associated line modules
Let B be a unital pre-C∗-algebra.

We denote by Circ(B) the following groupoid:
1. an object is a principalU(1)-pre-C∗-algebra P together with a

∗-isomorphism ιP : B → P0;
2. an arrow f : P → Q is aU(1)-equivariant isometric ∗-isomorphism, such

that f ◦ ιP = ιQ .

Definition
Given P ∈ Ob(Circ(B)), define a bar homomorphismL(P) : Z→ Pic(B) thus:

1. given k ∈ Z, letL(P)k := Pk as aC-vector space with

∀b1, b2 ∈ B, ∀p ∈ Pk, b1 · p · b2 := ιP(b1) p ιP(b2),

∀p1, p2 ∈ Pk, (p1, p2) := ι
−1
P (p∗1 p2);

2. setL(P)(0) := ιP, induceL(P)(2)
•,• from multiplication in P andL(P)(−1)

•
from the ∗-operation of P.
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Orbitwise Tannaka–Krein
Theorem (cf. Pimsner ’97, Abadie–Eilers–Exel ’98, Arici–Kaad–Landi ’16)
Define a functorL : Circ(B) → Hombar(Z, Pic(B)) by

∀(ϕ : P → Q) ∈ Circ(B), ∀k ∈ Z, L(ϕ)k := (ϕk : L(P)k → L(Q)k).

There exists a functorΣ : Hombar(Z, Pic(B)) → Circ(B), such that

L ◦ Σ = idHombar(Z,Pic(B)), Σ ◦ L ≃ idCirc(B) .

Example
Givenϕ ∈ Aut(B), we have B ⋊alg

ϕ Z ∈ Ob(Circ(B)) and

L(B ⋊alg
ϕ Z) = τ ◦ (k 7→ ϕk).

Example
Given q ∈ R \ {0,±1}, we haveOq(SU2) ∈ Ob(Circ(Oq(CP1))) and that
L(Oq(SU2)) recovers the relative line modules {Ek}k∈Z onOq(CP1)).
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Theme

Corollary (Pimsner ’97, Abadie–Eilers–Exel ’98.. .)
Define a functorL1 : Circ(B) → Pic(B) byL1 := 1̂ ◦ L, e.g.,

∀P ∈ Ob(Circ(B)), ∀k ∈ Z, L1(P) := L(P)1.

There exists a functorP : Pic(B) → Circ(B), e.g.,P := Σ ◦ T , such that

L1 ◦ P = idPic(B), P ◦ L1 ≃ idCirc(B) .

SuchP : Pic(B) → Circ(B) is Cuntz–Pimsner for Morita auto-equivalences.

Example
Givenϕ ∈ Aut(B), we haveL1(B ⋊alg

ϕ Z) = τϕ.

Example
Given q ∈ R \ {0,±1}, we haveL1(Oq(SU2)) = Oq(SU2)1 = E1, the relative line
module onOq(CP1) generated by {a, c} ⊂ Oq(SU2)1.
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Hermitian right connections

Fix a unital pre-C∗-algebra B with ∗-differential calculusΩB.

Definition
A Hermitian right connection on a Hermitian line B-module E is aC-linear map
∇ : E → E ⊗Ω1

B satisfying:

∀e ∈ E, ∀b ∈ B, ∇(e · b) = ∇(e) · b + e ⊗ dB b,
∀e1, e2 ∈ E, d(e1, e2) = ∇(e1)

∗
⟨1⟩ · (∇(e1)⟨0⟩, e2) + (e1,∇(e2)⟨0⟩) · ∇(e2)⟨1⟩,

where we apply toη ∈ E ⊗ΩB the Sweedleresque notationη = η⟨0⟩ ⊗ η⟨1⟩

Proposition
A Hermitian right connection∇ on a Hermitian line B-module E uniquely extends to a
C-linear map∇ : E ⊗Ω•

B → E ⊗Ω•+1
B , such that

∀η ∈ E, ∀β ∈ ΩB, ∇(η · β) = ∇(η) · β+ (−1)|η|η · dB β.
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Hermitian line connections

Definition (Beggs–Majid ’18)
A Hermitian line connection on a Hermitian line B-module E is (σE,∇E), where:

1. σE : Ω•
B ⊗B E → E ⊗B Ω

•
B is a B-bimodule isomorphism restricting to

elementary B ⊗B E → E ⊗B B, making E ⊗B ΩB a gradedΩB-bimodule via

∀α,β ∈ ΩB, ∀η ∈ E, α · η · β := σE(α⊗ η⟨0⟩)⊗ η⟨1⟩ · β;

2. ∇E is a Hermitian right connection on E satisfying

∀β ∈ ΩB, ∀η ∈ E ⊗B ΩB, ∇E(β · η) = dB β · η+ (−1)|β|β · ∇E(η).

Its conjugate is the Hermitian line connection (σE,∇E) on E defined by

∀e ∈ E, ∀β ∈ ΩB, σE(β⊗ e) := σ−1
E (e ⊗ β∗)⟨0⟩ ⊗ σ−1

E (e ⊗ β∗)∗⟨−1⟩,

∀e ∈ E, ∇E(e) := −(σ−1
E ◦ ∇E(e))⟨0⟩ ⊗ (σ−1

E ◦ ∇E(e))∗⟨−1⟩,

where we apply toη ∈ ΩB ⊗ E the Sweedleresque notationη = η⟨−1⟩ ⊗ η⟨0⟩.
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The differentiable Picard 2-group

Definition (Beggs–Majid ’18 mutatis mutandis)
The differentiable Picard 2-group of B with respect toΩB is the coherent 2-group
P̂ic(B) defined as follows:

1. an object is a pair (E,∇E), where E ∈ Ob(Pic(B)) and (σE,∇E) is a
Hermitian line connection on E.

2. an arrowϕ : (E,∇E) → (F,∇F) isϕ : E → F in Pic(B), such that

∇F ◦ ϕ = (ϕ⊗ id) ◦ ∇E.

3. we set (E,∇E)⊗ (F,∇F) := (E ⊗B F,∇E⊗BF), where

σE⊗BF := (id⊗σF) ◦ (σE ⊗ id),
∇E⊗BF := (id⊗σF) ◦ (∇E ⊗ id) + id⊗∇F ;

4. we set (E,∇E) := (E,∇E), where (σE,∇E) is conjugate of (σE,∇E).
Here, composition is composition in Pic(B), the unit is (B, dB, idΩB) and the
associator, unit, left unitor, right unitor, and evaluation are those of Pic(B).
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Example

From now on, let Âut(B) := Aut(ΩB, d).

We can refineτ ∈ Hombar(Aut(B), Pic(B)) to τ̂ ∈ Hombar(Âut(B), P̂ic(B)) thus:

1. givenϕ ∈ Âut(B), let τ̂ϕ := (τϕ, dϕ), where

∀a, b ∈ B, σϕ(dB a ⊗ b) := 1ϕ ⊗ (dB ◦ϕ−1)(a) · ϕ−1(b),
∀b ∈ B, dϕ(bϕ) := 1ϕ ⊗ (dB ◦ϕ−1)(b);

2. set τ̂(0) := τ(0) := idB;
3. givenϕ,ψ ∈ Âut(B), define τ̂(2)

ϕ,ψ : τ̂ϕ ⊗ τ̂ψ → τ̂ϕψ by

∀a, b ∈ B, τ̂
(2)
ϕ,ψ(aϕ ⊗ bψ) := τ

(2)
ϕ,ψ := (aϕ(b))ϕψ;

4. givenϕ ∈ Âut(B), define τ̂(−1)
ϕ : τϕ → τϕ−1 by

∀b ∈ B, τ̂
(−1)
ϕ (bϕ) := τ

(−1)
ϕ (bϕ) := ϕ−1(b∗)ϕ−1 .
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Horizontal calculi

Definition (Ðurđević ’98, Ć. ’21)
Let P ∈ Ob(Circ(B)). A horizontal calculus for P consists of:

1. aU(1)-equivariant curved ∗-differential calculusΩP,h over P (i.e., d2
P,h ̸= 0),

2. an extension ι̂P : Ω•
B → (Ω•

P,h)
U(1) of ιP : B → PU(1) to an isomorphism of

graded ∗-algebras,
such that (

(Ω•
P,h)

U(1), dP,h↾(Ω•
P,h)

U(1)

)
= (̂ιP(Ω

•
B), ι̂P ◦ dB).

We define a groupoid Ĉirc(B) as follows:
1. an object is (P,ΩP,h), where P ∈ Ob(Circ(B)) andΩP,h is a horizontal

calculus on P;
2. an arrow f : (P,ΩP,h) → (Q,ΩQ,h) is an arrow f : P → Q in Circ(B)

extending to aU(1)-equivariant isomorphism f : ΩP,h → ΩQ,h of graded
∗-algebras, such that

f ◦ dP,h = dQ,h ◦f .
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Associated Hermitian line connections

Definition (Ć., cf. Ć.–Mesland ’21)
Given (P,ΩP,h) ∈ Ob(Ĉirc(B)), refineL(P) : Z→ Pic(B) to a bar
homomorphism L̂(P,ΩP,h) : Z→ P̂ic(B) thus:

1. given k ∈ Z, let L̂(P,ΩP,h)k := (L(P)k,∇P;k), where

∀β ∈ ΩB, ∀p ∈ Pk, σP;k(̂ιP(β)⊗ p) :=
∑m

i=1
ei ⊗ ι̂−1

P (e∗i · ι̂P(β) · p),

∀p ∈ Pk, ∇P;k(p) :=
m∑

i=1

ei ⊗ ι̂−1
P (e∗i · dP,h(p)),

for any {e1, . . . , em} ⊂ Pk such that
∑m

i=1 eie∗i = 1;

2. set L̂(P,ΩP,h)
(0) := ιP, induce L̂(P,ΩP,h)

(2)
•,• from multiplication inΩP,h

and L̂(P,ΩP,h)
(−1)
• from the ∗-operation ofΩP,h.
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A differentiable orbitwise Tannaka–Krein theorem

Theorem (Ć.)
Define a functor L̂ : Ĉirc(B) → Hombar(Z, P̂ic(B)) by

∀(ϕ : (P,ΩP,h) → (Q,ΩP,h)) ∈ Ĉirc(B), ∀k ∈ Z,

L̂(ϕ)k := (ϕk : L̂(P,ΩP,h)k → L̂(Q,ΩQ,h)k).

There exists a functor Σ̂ : Hombar(Z, P̂ic(B)) → Ĉirc(B), such that

L̂ ◦ Σ̂ = idHombar(Z,P̂ic(B)), Σ̂ ◦ L̂ ≃ idĈirc(B) .

Example
Letϕ ∈ Âut(B). Then

Σ̂(τ ◦ (k 7→ ϕk)) ∼=
(

B ⋊alg
ϕ Z, (ΩB ⋊alg

ϕ∗
Z, idC[Z] ⊗ d)

)
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A variation on a theme

Corollary
Define a functor L̂1 : Ĉirc(B) → P̂ic(B) by L̂1 := 1̂ ◦ L̂, e.g.,

∀(P,ΩP,h) ∈ Ob(Ĉirc(B)), L̂1(P,ΩP,h) := (L(P)1,∇P;1).

There exists a functor P̂ : P̂ic(B) → Ĉirc(B), e.g., P̂ := Σ̂ ◦ T , such that

L̂1 ◦ P̂ = idP̂ic(B), P̂ ◦ L̂1 ≃ idĈirc(B) .

Such P̂ : P̂ic(B) → Ĉirc(B) is differentiable Cuntz–Pimsner for Hermitian line
modules with Hermitian line connection!

Example
Letϕ ∈ Âut(B), so that (B ⋊alg

ϕ Z,ΩB ⋊alg
ϕ∗

Z, idC[Z] ⊗ d) ∈ Ob(Ĉirc(B)). Then

P(τ̂ϕ) ∼= Σ̂(τ̂ ◦ (k 7→ ϕk)) ∼= (B ⋊alg
ϕ Z, (ΩB ⋊alg

ϕ∗
Z, idC[Z] ⊗ d)).
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Curvature

Let P̂ic(B) the group of isomorphism classes in P̂ic(B)with respect to⊗.

Definition (Beggs–Majid ’18)
Let (E,∇E) ∈ Ob(P̂ic(B)). The curvature of [(E,∇E)] ∈ P̂ic(B) is the unique
2-form F[(E,∇E)] ∈ ZB(Ω

2
B) satisfying

∀e ∈ E, −i∇2
E(e) = e ⊗ F[(E,∇E)].

Example
For everyϕ ∈ Âut(B), we have F[τ̂ϕ] = 0.

Proposition
Let (P,∇P) ∈ Ob(Ĉirc(B)). Then

∀k ∈ Z, ∀p ∈ Pk, −i d2
P,h(p) = p · ι̂P(F[(L̂(P)k,∇P;k)]

).
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Curvature as a 1-cocycle

Proposition (Fröhlich ’73, Beggs–Majid ’18)
There is a unique homomorphism Φ̂ : P̂ic(B) → Aut(ZB(ΩB)), such that

∀(E,∇E) ∈ Ob(P̂ic(B)), ∀e ∈ E, ∀β ∈ ZB(ΩB), e ⊗ Φ̂[(E,∇E)](β) = σE(β⊗ e).

Proposition (Beggs–Majid ’18)
The assignment [(E,∇E)] 7→ F[(E,∇E)] defines a 1-cocycleF : P̂ic(B) → (ZB(Ω

2
B),+)

with respect to Φ̂, i.e.,

∀(E,∇E), (F,∇F) ∈ Ob(P̂ic(B)),

F[(E⊗BF,∇E⊗B F)] = F[(E,∇E)] + Φ̂[(E,∇E)](F[(F,∇F)]).
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Preliminaries

Letκ ∈ R \ {0} be given.

For n ∈ Z, let [n]κ := n ifκ = 1, otherwise [n]κ := κn−1
κ−1 .

LetΛκ := C[dκt]/⟨(dκt)2⟩with dκt skew-adjoint.

Given a gradedU(1)-∗-algebraΩ, let

Λκ ⋊Ω := Λκ ⊗̂Ω/⟨dκt ⊗̂ω− (−1)|ω|αi logκ(ω) ⊗̂ dκt |ω ∈ Ω⟩

with dκt defined to beU(1)-invariant.

Definition (cf. Ðurđević ’97)
Theκ-vertical calculus of P ∈ Ob(Circ(B)) is theU(1)-equivariant ∗-differential
calculusΩP,v;κ := Λκ ⋊ P on P with

∀n ∈ Z, ∀p ∈ Pn, dP,v;κ(p) := dκt · 2πi[n]κp.
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Quantum principalUκ(1)-bundles

Definition (Brzeziński–Majid ’93, Ðurđević ’97, Beggs–Majid ’21)
A quantum principalUκ(1)-bundle over B is a pair (P,ΩP), where:

1. P ∈ Ob(Circ(B))with given ∗-isomorphism ιP : B → PU(1),
2. ΩP is aU(1)-equivariant ∗-differential calculus on P with an injective

extension of ιP to a graded ∗-homomorphism ι̂P : Ω•
B → (Ω•

P)
U(1)

such that
1. dP ◦̂ιP = ι̂P ◦ dB;
2. we can define surjective verP;κ : ΩP → ΩP,v;κ with kernelΩP ·Ω1

B by

verP;κ↾P= idP, verP;κ ◦dP↾P= dP,v;κ,

3. we can define intP;κ : Ωp → Λκ ⋊ΩP with ker(id− intP;κ) = P ·ΩB by

intP;κ↾P= idP, intP;κ↾Ω1
P
= idΩ1

P
+verP;κ↾Ω1

P
.
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Strong connections

Definition (Brzeziński–Majid ’93, Hajac ’96, Ðurđević ’97)
A strong connection on a quantum principalU(1))-bundle (P,ΩP) over (B,ΩB) is a
U(1)-equivariant morphism of P-∗-bimodulesΠ : Ω1

P → Ω1
P, such that:

1. idP extends viaΠ to verΠ : ΩP → ΩP, such that

(verΠ)2 = verΠ, ker verΠ = ker verP;κ;

2. idP extends via idΩ1
P
−Π to horΠ : ΩP → ΩP, such

(horΠ)2 = horΠ, ran horΠ = ker intP;κ .

Example (Brzeziński–Majid ’93)
Let q ∈ R \ {0,±1}, letΩq,3(SU2) be the 3-dimensional calculus onOq(SU2).
The q-monopole is a strong connectionΠq on the quantum principalUq2(1)-bundle
(Oq(SU2),Ωq,3(SU2)) over (Oq(CP1),Ωq(CP1)).
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Horizontal calculi from strong connections
Define a groupoid Gaugeκ(B) as follows:

1. an object is a triple (P,ΩP, Π), whereΠ is a strong connection on the
quantum principalUκ(1))-bundle (P,ΩP);

2. an arrow f : (P,ΩP, ΠP) → (Q,ΩQ , ΠQ) is aU(1)-equivariant
isomorphism f : Ω•

P → Ω•
Q of graded ∗-algebras, such that

f ◦̂ιP = ι̂Q , f◦dP = dQ ◦f , (idΛ1
κ
⊗f )◦intP;κ = intP;κ ◦f , f◦ΠP = ΠQ◦f .

Define a functorHorκ : Gaugeκ(B) → Ĉirc(B) as follows:

∀(f : (P,ΩP, ΠP) → (Q,ΩQ , ΠQ)) ∈ Gaugeκ(B),

Horκ(f ) :=
(f : (P, (P · ι̂P(ΩB), (id−ΠP) ◦ dP)) → (Q, (Q · ι̂Q(ΩB), (id−ΠQ) ◦ dQ)))

Goal
UseHorκ to get a differentiable Cuntz–Pimsner construction for Gaugeκ(B).
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Synthesis of total calculi
Say that (P,ΩP,h) ∈ Ob(Ĉirc(B)) isκ-adapted if there exists aU(1)-equivariant
morphism of P-∗-bimodules R[ΩP,h] : Ω

1
P,v;κ → Ω2

P,v;κ, such that

∀p ∈ P, d2
P,h(p) = iR[ΩP,h](dP,v;κ(p)).

Let Ĉircκ(B) be the strictly full subgroupoid of Ĉirc(B) of allκ-adapted objects.

Proposition (Ðurđević ’10, Ć. ’21)
1. The range ofHorκ : Gaugeκ(B) → Ĉirc(B) is Ĉircκ(B).

2. There exists a functorSκ : Ĉircκ(B) → Ĝaugeκ(B), such that

Horκ ◦ Sκ = idĈircκ(B), Sκ ◦Horκ ≃ idĈircκ(B) .

Given (P,ΩP,h) ∈ Ob(Ĉircκ(B)), we haveSκ(P,ΩP,h) := (P,ΩP, ΠP), where

ΩP := Λk ⋊ΩP,h,

dP↾P:= dP,v;κ↾P +dP,h↾P, dP(dκt) := −iR[ΩP,h](dκt),
ΠP := ProjΩ1

P,v;κ
.
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Characterization ofκ-adapted horizontal calculi

Proposition
1. Let Hombar

κ (Z, P̂ic(B)) be the strictly full subgroupoid of Hombar(Z, P̂ic(B)) of
all S that satisfy

∀m, n ∈ Z, F[Sm+n] = F[Sm] + κ
−mF[Sn].

Then L̂ : Ĉirc(B) → Hombar(Z, P̂ic(B)) satisfies

L̂(Ĉircκ(B)) = Hombar
κ (Z, P̂ic(B)).

2. Let P̂icκ(B) be the strictly full subgroupoid of P̂ic(B) of all (E,∇E) that satisfy

Φ̂[(E,∇E)](F[(E,∇E)]) = κ
−1F[(E,∇E)].

Then 1̂ : Hombar(Z, P̂ic(B)) → P̂ic(B) satisfies

1̂(Hombar
κ (Z, P̂ic(B))) = P̂icκ(B).
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Another variation

Theorem (Ć.)
The functor L̂1 ◦Horκ : Gaugeκ(B) → P̂ic(B) satisfies

L̂1 ◦Horκ(Gaugeκ(B)) = P̂icκ(B).

Hence, there exists a functorPκ : P̂icκ(B) → Gaugeκ(B), such that

(L̂1 ◦Horκ) ◦ Pκ = idP̂icκ(B), Pκ ◦ (L̂1 ◦Horκ) ≃ idGaugeκ(B) .

SuchPκ : P̂icκ(B) → Gaugeκ(B) is differentiable Cuntz–Pimsner for quantum
principalUκ(1)-bundles over (B,ΩB)with strong (bimodule) connection!
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The q-monopole revisited

Let q ∈ R \ {0,±1} be given. Let (Oq(SU2),Ωq,3(SU2), Πq) ∈ Ob(Gaugeq2(B))
be the q-monopole over (Oq(CP1),Ωq(CP1)).

1. The bar homomorphism

L̂ ◦Hor(Oq(SU2),Ωq,3(SU2), Πq) ∈ Ob(Hombar
q2 (Z, P̂ic(Oq(CP1))))

recovers {(Ek,∇k)}k∈Z, where∇k is the unique leftOq(SU2)-covariant
Hermitian right connection on the relative line module Ek overOq(CP1).

2. Hence, in particular,

∀m, n ∈ Z, F[(Em+n,∇m+n)] = F[(Em,∇m)] + q−2mF[(En,∇n)].

3. Hence, in particular, (E1,∇1) ∈ Ob(P̂icq2(Oq(CP1))), so that

∀m ∈ Z, Φm
[E1,∇1]

(F[(E1,∇1)]) = q−2mF[(E1,∇1)],

∀m ∈ Z, F[Em,∇m)] = [m]q−2F[(E1,∇1)].
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Clifford representations

Definition
A Clifford representation (H, π) ofΩB consists of:

1. aZ2-graded separable Hilbert space H equipped with a faithful
∗-representation B → Leven(H);

2. an injective ∗-preserving B-bimodule morphismπ : Ω1
B → Lodd(H).

Example
A spectral triple (B,H,D) spatially implementsΩB whenever the following defines
a Clifford representation (H, πD) ofΩB:

∀b ∈ B, πD(dB(b)) := [D, b];

in this case, we call (H, πD) the Clifford representation induced by (B,H,D).
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Equicontinuity

Definition (Ć., cf. Bellissard–Marcolli–Reihani ’10)
Let L ∈ Hombar(Z, P̂ic(B)); for each k ∈ Z, let (Lk, (σk,∇k)) := Lk. We call R
equicontinuous with respect to a Clifford representation (H, π) ofΩB if

∀β ∈ Ω1
B, sup

k∈Z
sup

ξ∈Lk\{0}

∥(id⊗ π) ◦ σk(β⊗ ξ)∥Lk⊗BL(H)

∥ξ∥Lk

< +∞.
Hence:

1. (P,ΩP,h) ∈ Ob(Ĉirc(B)) is equicontinuous w.r.t. (H, π) if L̂(P,ΩP,h) is;

2. (E,∇E) ∈ Ob(P̂ic(B)) is equicontinous w.r.t. (H, π) if P̂(E,∇E) is;
3. givenκ > 0, we say that (P,ΩP, ΠP) ∈ Ob(Gaugeκ(B)) is equicontinous

w.r.t. (H, π) if L̂ ◦Horκ(P,ΩP, ΠP) is.
Thus, equicontinuity w.r.t. (H, π) is preserved by all relevant equivalences of
categories and is stable under isomorphism.
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Examples

Example (cf. Bellissard–Marcolli–Reihani ’10)
Letϕ ∈ Âut(B). Then

P̂(τ̂ϕ) ∼= τ̂ ◦ (k 7→ ϕk) ∼= L̂(B ⋊alg
ϕ Z, (ΩB ⋊alg

ϕ Z, dϕ))

is equicontinuous w.r.t. a Clifford representation (H, π) ofΩB iff

∀b ∈ B, sup
k∈Z

∥π ◦ d ◦ϕk(b)∥L(H) < +∞.
Example (Ć.)
Let q ∈ R \ {0,±1}. Then the q-monopole

(Oq(SU2),Ωq,3(SU2), Πq) ∈ Ob(Gaugeq2(B))

is not equicontinuous w.r.t. the Clifford representation ofΩq(CP1) induced by the
canonical spectral triple onOq(CP1) of Dąbrowski–Sitarz.
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Lifting Clifford representations

Definition (Ć.)
Letκ > 0, let (P,ΩP, ΠP) ∈ Ob(Gaugeκ(B)), and let (H, π) be a Clifford
representation ofΩB. A lift of (H, π)w.r.t. (P,ΩP, ΠP) is (H̃, V, υ, π̃), where:

1. H̃ is aZ2-graded separable Hilbert space equipped with a strongly
continuous unitary representationU(1) → Ueven(H) and a faithful
U(1)-equivariant ∗-representation P → Leven(H), such that

P · HU(1)
H
= H, {p ∈ P | p↾HU(1)= 0} = {0};

2. V is a separableZ2-graded Hilbert space andυ : V ⊗̂ H → HU(1) is unitary;
3. π̃ : Ω1

P → EndoddC (P · HU(1)) is a faithful ∗-preservingU(1)-equivariant
P-bimodule morphism, such that

∀β ∈ Ω1
B, ∀ξ ∈ HU(1), π̃(β)ξ = υ(id ⊗̂ π(β))υ∗ξ.

We call (H̃, V, υ, π̃) bounded whenever π̃(Ω1
P) ⊂ Lodd(H̃).
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Existence of bounded lifts

Theorem (Ć.)
Suppose that we are given:

1. a Clifford representation (H, π) ofΩB;
2. κ > 0 and (P,ΩP, ΠP) ∈ Ob(Gaugeκ(P)).

If (H, π) admits a bounded lift with respect to (P,ΩP, ΠP), then:
1. (P,ΩP, ΠP) is equicontinuous with respect to (H, π);
2. κ = 1.

Corollary (Ć.)
Let q ∈ R \ {0,±1}, and let (H, π) be a Clifford representation ofΩq(CP1), e.g., the
one induced by the canonical spectral triple onOq(CP1) of Dąbrowski–Sitarz. Then
(H, π) does not admit a bounded lift with respect to the q-monopole

(Oq(SU2),Ωq,3(SU2), Πq) ∈ Ob(Gaugeq2(B)).
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