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Existence of electromagnetic potentials

Problem
Let M be a closed manifold; Let F € Q*(M, R) be closed.

FindA € OQ'(M, R) satisfying F = d A.

Global solutions exist IFF [F] = oin H*(M, R).

A local solution A on U defines a connection d —+ iA on the trivial line
bundle U x Cwith curvature —i(d +iA)* = F|p.

Modified Problem (Weyl, Fock, London)

Evenif [F] # o, find a Hermitian line bundle with connection (L, V) on M
with curvature —iV* = F.




MoTIVATION
0000

Dirac quantisation

Theorem (Kobayashi, Weil, Kostant)

The following are equivalent.

1. There exists a Hermitian line bundle with connection (L, V') on M with
curvature F.

2. The2-form F isintegral, i.e., fz F € 27Z forevery closed surface S in M.

Example

The Fubini-Study form wes = dz /\ dZon CP* satisfies [wrg] # o.

(1+zz
The 2-form 2wrs has integral periods since fcpl 2WFg = 27T.

The Chern connection V on O(—1) — CP* has curvature 2wrs.
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Principal U(1)-bundles with connection

Theorem

1. If (P, 0) isa principal U(1)-bundle with connection on M, then the irrep
—1:= (C,z > z7id) yields the associated Hermitian line bundle with
connection (P x_; C,d?).

2. If (L, V) is a Hermitian line bundle with connection on M, then there exists an
essentially unique principal U(1)-bundle with connection (P, ©) on M, such
that (P x_,; C,d%) = (L, V).

Example
Give 8* C C* the diagonal action of U(1); let Opjpac := z,d 2, + Z, d 2,.

The Hopf fibration with Dirac monopole connection (83, Opjrac) defines the
essential unique principal U(1)-bundle with connection on CP?, such that

(8* x_; C,d%irc) = (O(—1), V).




Why care about the noncommutative case?

Sales Pitch

Noncommutative geometry permits the conceptually economical
(semi-classical) modelling of quantum physics as classical physics on
noncommutative manifolds.

Aspirational Example (cf. Majid et al.)
Approximate quantum gravity coupled with U(1)-gauge theory.

Aspirational Example (cf. Nekrasov—Schwarz, Peterka)

Construct noncommutative U(1)-instantons where they don't exist
commutatively.

Aspirational Example (cf. Avron-Seiler-Zograf, Hannabuss—Mathai~Thiang)

Broaden the mathematical toolkit for physics around the quantum Hall
effect.
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The quantum 3-sphere
Fixq € (o0,1).

Definition (Woronowicz, Vaksman—Sojbel’'man)

The quantum 3-sphere is the universal unital pre-C*-algebra O4(S?) with
generators z, and z; and relations

* 3k * *k
ZoZ1 = qZIZO, Zozl = qu Zo, ZI ZI = ZIZI 9

* * * 2, %
ZOZO + Zl ZI = 1, Zozo + q lel = 1.

Heuristic
Atq = 1, recover the dense x-subalgebra of spherical harmonics in C(S?).

Question

How do we make O,4(S?) into a noncommutative (Riemannian) manifold
or quantum metric space?
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The quantum projective line
Say thata U(1)-action on a unital pre-C*-algebra P is finite-type whenever
_ o— g
Pf@mgsz, P, ={peP|VYweU(), wep=w"pl

Definition (Podles)

The quantum projective lineis O4(CP*) = Oq(S3)U(1), where O4(8°) has
the unique finite-type U(1)-action satisfying {zo, z;} C O4(8?);.

Heuristic

At q = 1, recover the dense x-subalgebra of spherical harmonics in C(CP").

Goal
LIFT GEOMETRY FROM O4(CP') T0 O4(S?).




The quantum Hopf fibration

Definition (cf. Ndstdsescu-Van Ostaeyen, Sitarz—Venselaar, Arici-Kaad—Landi)

Let P be a unital pre-C*-algebra with a finite- type U(1)-action. Then Pisa
topological quantum principal U(1)-bundle over PYY) whenever:

1. there exists (¢;)_ in P, satisfying > [" =1
2. there exists (ﬁ)]’?:l in P; satisfying ijlfj*ﬁ =il

Example (Brzezinski-Majid)

The quantum Hopf fibration is the topological quantum principal
U(1)-bundle O,4(S?) over O4(CP*).

Proof

1. The family (2o, gz;) in O4(S?); satisfies zoz5 + (qz)(qz)* = 1.

2. Thefamily (zo,z,) in O4(S?), satisfies z3zo + 2z, = 1. O
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The quantum Hopf line bundle

Definition (Rieffel; cf. Kajiwara-Watatani)

Let B be a unital pre-C*-algebra. A Hermitian line B-bimodule is a
B-bimodule E with left, right B-valued inner products g(-, -), (-, ) g, with:

1. |[e(xb, xb) || < [|b]|*[(x, %) || and || (box, bx)g|| < ||B]1*[] (x, %)l

2. g(x,yb) = g(xb*,y) and (x, by)g = (b*x,y)E;

3. thereexist (¢;)2, (f)I_, in E with Y roelene)=1= Z;;I(ﬁ,ﬁ)g;
4. g(x,y) - z=x-(y,2)E

Example (Hajac—Majid)

Each £, == O4(8?), defines a Hermitian line O, (CP*)-bimodule with
respectto o (x,) =xy* and (x,y) ¢, = x*y.

In particular, £; := O4(S?), is the quantum Hopf line bundle.




Pimsner’s construction

Theorem (Arici—Kaad—Landi; cf. Pimsner, Abadie—Eilers—Exel, Beggs—Brzezifiski)

Let B be a unital pre-C*-algebra.

1. Let P be a topological quantum principal U(1)-bundle over B. Then Py is a
Hermitian line B-bimodule with p (x,y) = xy™, (x,y)p, = x*y.

2. Let E be a Hermitian line B-bimodule. There exists an essentially unique
topological quantum principal U(1)-bundle P over B with P, = E.

Example

The quantum Hopf fibration O4(8?) is the essentially unique topological
quantum principal U(1)-bundle over B satisfying O4(S?), = £L;.

Strategy

Use the quantum Hopf line bundle £, to lift geometry from O, (CP") to
O4(8?) qua total space of the quantum Hopf fibration.
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Pimsner’s construction unpacked
Let B be a unital pre-C*-algebra.

Theorem (Rieffel, Brown—Green—Rieffel, Buss—Meyer—Zhu)

The Hermitian line B-bimodules form a coherent 2-group Pic(B).

Proposition (d’apres Joyal-Street)
For every object g of a coherent 2-group G, there exists an essentially unique weak
monoidal functor F : Z — G, suchthat F(1) = g.

Theorem (C.)

Every weak monoidal functor between coherent 2-groups canonically defines a
bar functor a la Beggs—Majid (involutive functor d la Egger).

Corollary (Buss—Meyer—Zhu, Schwieger—Wagner)

A weak monoidal functor from a group T to Pic(B) defines a saturated pre-Fell
bundle over " with fibre B over e.




The quantum enveloping algebra of s1(2)
Definition (Kulis—Resetihin)
The quantum enveloping algebra of su(2) is the unital x-algebra U, (su(2))
with generators E, F, K and K * and relations
KK '=K'K=1 KEK '= qE, KFK ' = qilF,
EF—FE= 15 (K*—K?),
E*=F F*=E K'=K (K=K

Definition (Skljanin)
A representation 0 of U, (su(2)) on a unital x-algebra Pis a Hopf action if:

Ok (xy) = Ok(x)0x(¥);

0x(xy) = 0x(x)0k(y) + 0k (x)0x(y), X €{E,F}
Ox(x™) = 0g—1(x)*, Op(x™) = —qOr(x)*, Op(x") = —q '0p(x)".
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The translation action on O4(S?)

Theorem (Masuda—Mimachi—-Nakagami—Noumi—Saburi—Ueno)
There exists a unique Hopf action 0 of Uy (su(2)) on O4(8?), such that

Ok(z0) = ¢ 2o, Ak (z) = gz,
0e(z0) = 0, Op(z1) =0
0r(2z0) = —qz;, 0r(z) =z

Moreover, forallm € Z,
Okle, =4 ™*ide,.  O(Lm) C Lm  Or(Lm) C Lo

Heuristic

“By setting K = qH/Z andtakingq * 1, we recover the infinitesimal right
translation action of su(2) on SU(2) = S3”




Differential calculus on O,(CP")
Theorem (Podles; cf. Majid, Landi-Reina—Zampini, Khalkhali-Landi~Van Suijlekom)

There exists an essentially unique 2-dimensional left O4(SU(2.))-covariant
x-exterior algebra (Q4(CP"),d) on Oy (CP).

1. Asa O,(CP")-bimodule, let Q,(CP*) = P;_, QS(CPI), where
QJ(CP') = 04(CP") = Qz(CP'), Q(CP') =L, ® Ly,
2. Define multiplication, * on Q) (CP") by
(Wi, @) (en-) =ilwim- —qwomy), +=(2107).
3. Letd4 = 0,/pgand 0 == aq,l/zFK on 04(8*) = D,,cz Lm-

4. Defined : Q,(CP') — Q2*'(CP') by

d©® = —i (g*) : dW = (—g?0_ 3,).




The g-monopole connection
Theorem (Landi—Reina—Zampini, Khalkhali—Landi—Van Suijlekom)

The following constructs a Hermitian bimodule connection (0, V) on Ly,

1. Define pj : £ ®o,(cp) Lx — Ljyr by Hix(x ®y) = xy.
2. DefineV,, : Ly, ®Oq(cpl) Q‘;(CPI) — Ly ®o,(cp) Q‘;Jrl(cpl) by

My, 00 _
Vy(no) =1 (HL::,_”,IZZO a+> , vp(nl) = (_q 20_o Wm—2 Oy O Um,2> :

3. Recover oy, : QF (CPY) ®0 (cpt) Lm = Lo ®o,(cp) Q7 (CP') as

(0) (2) (1) ._ (u;,izoufz,m 0 ) .

—1
0; = o =0y, Oy : —
m = Hmo O Hom = Om ", Om O ibotam

Theorem (Diaz Garcia—Krutov—0O Buachalla—Somberg—Strung)

The connection \V,, is the unique left O4(SU(2.))-covariant connection on £,




The differential Picard 2-group
Theorem (C.; cf. Beggs—Majid)

Let B be a unital pre-C*-algebra with x-exterior algebra (Qp, dg). The
Hermitian line B-bimodules with connection form a coherent 2-group DPIc(B)
with group of isomorphism classes DPic(B).

Example

If X is a closed manifold, then DPic(C® (X)) = H2(X) x Diff(X).

Example (C.~Venkata Karthik; cf. Elliott, Kodaka, Nawata-Watatani)
If0 € (0,1) \ Q is Diophantine (e.g., algebraic), then

Lo
(RZ)* % R?

DPic(CX(T?)) =
Io X SL(2,Z) else,

{ (R?)" xR SL(z,Z)) x Z if @ quadratic,

where Lg := ((27el; —270e,), (27el; 210e;), (0; 271¢; ), (0; 27t€,) ).




Curvature and its discontents

Let B be a unital pre-C*-algebra with x-exterior algebra (Qp, dg).

Let (E, o, V) be a Hermitian line B-bimodule with Hermitian bimodule
connection; the curvature of [E, V] is closed central Fig v, € (QF)sa
uniquely determined by V%(e) = e ® iF[g v,

Definition (C.)
Suppose that F(g 7, # 0. The vertical deformation parameter of [E, Vg], if it
exists, is K[ v,] € R* uniquely determined by

0r (e®Fpv,)) = KevFEv, ®e

Example (cf. Landi—Reina—Zampini, Khalkhali—Landi—Van Suijlekom)
Letvol :=1 € Q;(CPI); givent € (0,1), let [n]; = % Then

Fiz,.v,] = mlg—q*vol, K[ V] =T




Pimsner’s construction redux

Theorem (C.; cf. Purdevié, Moncada)
Let B be a unital pre-C*-algebra with x-exterior algebra (g, dp). Let k > O.

1. If (P; Qp, dp; TTp) is a k-differentiable quantum principal U(1)-bundle with
connection over (B; Q) g, dg), then P, admits a canonical Hermitian bimodule
connection (op,, Vp,) withK(p v, ] = K.

2. If(E; og, V) is a Hermitian line B-bimodule with connection that satisfies
Kig v, = K, then thereexists an essentially unique k-differentiable
quantum principal U(1)-bundle with connection (P; Qp, dp; TTp) over
(B; Qp, dg), such that (Py; op,, Vp,) = (E; 0g, VE).

Example (cf. Durdevic)

(O4(CP); Qq(CP'), dg) lifts via (Ly; 01, V1) to Oy(8?) with Woronowicz’s
3-dimensional calculus (Q)4(S?), dg) and Brzezifski-Majid’s g-monopole
connection TTy.




Lifting differential geometry to O,(8?) via (L;; 03, V)
1. Equip Qq,h(s3) = (‘)q(SZ) ®Oq(cpl) Qq(CPI) with
(P1 @ B1) - (P2 ® B2) =p1 - O, (B1 ® p2) - Ba,
(p®B)* =0_p(B" ®@p").
2. Defined,p, : Q(;,h(S3) — Q;’KI(SH by
dyn(p®@B) = Vp(p) - B +p®dy B.

3. Construct Q4(S?) from Q,(S?) by adjoining d € Q;(s3)$§1)
satisfying®* =ocandd- (p@ B) =q 2 (p o ) - 9.
4. Defined, : Q3(8*) — Q3*+1(8*) by dyd = —L voland
dg(p® B) =9 - 2millplle (p ® B) + dyn(p ® B).

5. DefineTl; : Q4(8?) — Qg1(S?) bynquq'h(s3):: idand TT4(9) = o.
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Bounded commutator representations

Let B be a unital pre-C*-algebra; let (Qp, dg) be a x-exterior algebra on B.
Definition (Baaj—Julg, Connes, Schmiidgen)

A bounded commutator representation of (B; Qg, dg) is (H, 7, D), where

1. Hisaseparable Z/2Z-graded pre-Hilbert space,

2. 70: B — L(H)eyen is a bounded x-homomorphism,

3. D: H — Hisanodd symmetric C-linear map,

such that there exists (necessarily unique) 7tp : QF — L(H)oqq satisfying
7ip(dg (b)) = ilD, 7e(b)].

Itis faithful whenever Ttis isometric and 7tp is injective.
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The spin Dirac commutator representation of O,(CP")

Proposition (Dgbrowski—Sitarz, Majid; cf. Neshveyev—Tuset)

The following constructs a faithful bounded commutator representation
(8,(CPY), 5, B,) of (04 (CPY), Qy(CPY), dy).

1. Equip £, with the inner product (s, s,) := hg(s;'s,), where hy is
Woronowicz's Haar state on O4(S?).

2. Let $q(CP1) = L_; @ L;asadirect sum of pre-Hilbert spaces with the
Z/2Z-grading (§ 2, ).

3. Let7ry : Og(CP') — L(8,(CP"))even be the direct sum of left
O4(CP')-module structureson £_; and £;.

4. letD, = (gg, ‘floa+ ); hence rry (w4, w-) = — ( ,° qiz“”).

Fw_ o
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No-go for bounded commutator representations

Proposition ( C)

Let k > 0, let (P; Qp, dp; TT) be a k-differentiable quantum principal
U(1)-bundle with connection, and let (H, 7t, D) be a bounded commutator
representation of (P; Qp, dp). Ifk # 1, then (id —TT)(Q}) C ker 7tp.

Remark
This is an easy application of the existence of (¢;)!”  and (fk);':I in P; that

satisfy ) " eef =1= Z;':If]*ﬁ

Corollary (Schmiidgen)

If (H, 7t, D) is a bounded commutator representation of (Oq(8?); Q14(8?), dg),
thenip = o.
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Modular symmetries
Let (P; Qp, dp; TT) be a k-differentiable quantum principal U(1)-bundle
over (B; Qg, dp).

Let (H, U, 7t, D) be a locally bounded (U(1)-equivariant) commutator
representation of (P; Qp, dp; TT).

A modular symmetry of (H, U, 7t, D) is even positive U(1)-invariant
invertible locally bounded N on H, such that

N[y = id, [N, 7t(B)] = {o}, N7t(P)N~ ' = n(P).

Example
Givent € (0, 00), let Ay == EB]EZ t idy;, where

H; ={& € H|Vw € U(1), Uy& = w"&}.
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No-go for twisted commutator representations

Theorem (C.)
Suppose that Z(B) = C and that thereexistn € Q1 Ph \ {o}and

t € (0,00) \{K}sat:sfymgn -p =t 1lp .1y Suppose that 7t is injective and
that 7t(P) - HY( s dense in H. Ifthere exists a modular symmetry N of
(H, U, t, D) that satisfies

N - mp(Qp) - N C L(H),
then (id —TT)(Q}) C kermp ormip(n) = o.

Corollary

Let (H, U, 7t, D) be a faithful locally bounded commutator representation of
(04(8%), Q4(S?), dg), such that 7c(P) - HY®) is dense in H. There exists no
modular symmetry N of (H, U, 7, D) that satisfies

N - mp(QX(S*)) - N C L(H).
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TL;DR

e We can formulate and solve the lifting problem for Riemannian
structure in terms of Hodge star operators and compatible traces (cf.
Kustermans—Murphy-Tuset, Majid, Zampini, O Buachalla, Moncada).

o Thisinvolves a precise generalisation of conformality to Hermitian line
bimodules with connection.
o This recovers Zampini’s Hodge star operator on (04(S?), d).

e We can formulate and solve the compatible lifting problem for
Riemannian structure in terms of faithful commutator representations.

o Ingeneral, we need separate modular symmetries to ’damp’ vertical and
horizontal 1-forms.

o 'Dampability’ of horizontal 1-forms is governed by a precise generalisation
of metric equicontinuity a Belissard—Marcolli—Reihani to Hermitian line
bimodules with connection.

o We obtain a large class of candidate compact quantum metric spaces that
recovers Kaad—Kyed’s construction for O,(S?).
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